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Abstract 

The modular transformations of the (1|1) complex supermanifolds in the like- 
Schottky modular parameterization are discussed. It is shown that these "supermodu- 
lar" transformations depend on the spinor structure of the (1|1) complex supermanifold 
by terms proportional to the odd modular parameters. The above terms are calculated 
in the explicit form. The discussed terms are important for the study of the possible 
divergencies in the Ramond-Neveu-Schwarz superstring theory. In addition, they are 
necessary to calculate the dependence on the odd moduli of the fundamental domain 
in the modular space. The supermodular transformations of the multi-loop superstring 
partition functions calculated by the solution of the Ward identities are studied. In the 
present paper, it is shown that the above Ward identities are covariant under the super- 
modular transformations. Hence the considered partition functions necessarily possess 
the covariance under the supermodular transformations discussed. It is demonstrated 
in the explicit form the covariance of the above partition functions at zero odd moduli 
under those supermodular transformations in the Ramond sector, which turn a pair 
of even genus- 1 spinor structures to a pair of the odd genus- 1 spinor ones. The brief 
consideration of the cancellation of divergences is given. 
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1 Introduction 



In the Ramond-Neveu-Schwarz superstring theory [|l], |^ the supermanifold formahsm oc- 
curs more appropriate for multi-loop calculations than a formalism of the Riemann surfaces. 
Indeed, in the superstring theory every 27r-twist about A- or i?-cycle on the Riemann sur- 
face is, generally, accompanied by a supersymmetrical transformation including, in addition, 
a boson-fermion mixing. The above mixing can be taken into account by an extension to 
the complex (1|1) supermanifolds P] of that complex 2-plane where the genus-n Riemann 
surfaces are mapped. Every supermanifold is described by the supercoordinate t = {z\d) 
where z is the complex local coordinate and 6 is its Grassmann ( odd ) partner. Grassmann 
( odd ) parameters of the discussed boson-fermion mixing are expressed in terms of complex 
Grassmann ( odd ) modular parameters, which are assigned to every complex (1|1) super- 
manifold in addition to ordinary ( even ) complex Riemann moduli. In this case fermion 
strings are classified over "superspin" structures instead the ordinary spin structures [|]. 
The superspin structures are defined for superfields on the discussed complex (1|1) super- 
manifolds 0. Being twisted about (A, _B)-cycles, the superfields are changed by mappings 
that present superconformal versions of fractional linear transformations. Generally, every 
considered mapping depends on (3|2) parameters 0]. For odd parameters to be arbitrary, 
these mappings include, in addition, fermion-boson mixing above. It differs the superspin 
structures from the ordinary spin ones. Indeed, the ordinary spin structures imply that 
boson fields are single- valued on Riemann surfaces. Only fermion fields being twisted about 
{A, 5)-cycles, may receive the factor of -1. For all odd parameters to be zero, every genus-n 
superspin structure L = {li, I2) is reduced to the ordinary (/i, I2) spin one. Here li and I2 are 
the theta function characteristics: {h^h) = [Js{hs,hs) where kg G (0, 1/2). The (super)spin 
structure is even, if 4/1/2 = 4X]"=i hshs is even. It is odd, if 4/1/2 is odd. 

One could to avoid the supermanifold formalism |^ using the prescription |^ for the 
integration over the odd moduli. In this case, however, multi-loop amplitudes turn out to 
be depended on a choice of basis of the gravitino zero modes ^ H]. It means that the 
world-sheet supersymmetry is lost in the scheme discussed. Indeed, in the superstring theory 
both the vierbein and the gravitino field are the gauge fields. Owing to the gauge invariance 
the "true" superstring amplitudes are independent of the choice of a gauge of the above 
gauge fields. Therefore, they have no dependence on the choice of basis of the gravitino zero 
modes. The discussed dependence on the choice of basis of the gravitino zero modes appears 
to be a serious difficulty in the scheme 0, 0, 0]. But the above difficulty is absent in the 
supermanifold formalism that possesses the manifest world-sheet supersymmetry. 

In the considered scheme 0] the multi-loop amplitudes are obtained ||^, |TU|, |TT], |T^, |TB[ by 
the summation over "superspin" structure contributions integrated over both the even mod- 
uli and the odd ones and over the vertex supercoordinates, as well. Every superspin structure 
contribution presents the suitable partition function multiplied by the vacuum expectation 
of the vertex product. The above vacuum expectations are expressed in terms of superfield 
vacuum correlators. Different approaches to the calculation of the vacuum correlators and 
of the partition functions have been proposed [^, [TD|, [TT|, |T3[. In [Q, the superfield 

vacuum correlators and the partition functions have been calculated in the explicit form for 
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all the even superspin structures. The integration over the modular parameters and over 
the vertex supercoordinates needs an additional investigation. Indeed, for every superspin 
structure contribution, both the integral over the even moduli and the integral over the 
{z^'^\ z^"^"^} vertex local coordinates are divergent.^ The divergencies of the integrals over 
{z^^\ z*-^-*} arise from the region where all the vertices move to be closed together and from 
the region where all they move away from each other. The divergencies of the integrals over 
the modular parameters are due to a degeneration of the Riemann surfaces. Of the main 
difficulty for the investigation are the possible divergencies due to a degeneration of genus-n 
Riemann surfaces (n > 1) into a few ones of the lower genus. It is expected H, ||, |T6|, |17 



that the above divergencies disappear after the summation over spinor structures to be per- 
formed, but this problem needs an additional study. In any case, the correct consideration 
of the divergency problem requires even if an implicit regularization procedure. The above 
regularization procedure must be chosen ensuring the supermodular group invariance of the 
superstring amplitudes. The supermodular group does be the superconformal extension of 
the modular group in the boson string theory. Generally, the supermodular transformations 
present the globally defined t — > t{t, {giv}) holomorphic superconformal mappings of 
the t = {z\9) supercoordinate, which are accompanied by the qjy — > qNiilN}) holomorphic 
mappings of the complex moduli and, generally, by the L ^ L change of the superspin 
structure, as well. To avoid the explicit regularization procedure, it seems attractive to write 
down the multi-loop superstring amplitude in the form of the integral over both {q^, g^} and 
|^(r)^ ^(r) j q£ ^Yie integrand covariant under the supermodular transformations. Being defined 
by the above integral, the considered superstring amplitude surely satisfies the restrictions 
due to the supermodular group, at least, if the above integrand has no non-integrable singu- 
larities. In this case the discussed construction solves the problem of the calculation of the 
superstring amplitudes. Simultaneously, the study of the divergency problem is reduced to 
the investigation of the singularities of the supermodular covariant integrand. Owing to the 
supermodular invariance, every superspin structure contribution possesses covariance under 
the supermodular transformations. So the desired integrand presents the sum over all the 
superspin structures contributions, every term being the partition function multiplied by the 
vacuum expectation of the vertex product. The discussed scheme is, however, complicated 
by the non-split in the sense of [|1^ of the supermanifolds. At least, the above non-split takes 
place, if the hke-Schottky modular parameterization |T0], |Tl], 0, |13], [1^ is used. In this 



case the modular group transformations ( t — > i{t,{qN}), qn QNiiqN}), L ^ L) affect 
not only the bodies of the modular parameters, but on the soul components, as well. So the 
resulted modular parameters qN{.{<iN}) and the resulted supercoordinate {qN}) depend 
non-trivially on the odd modular parameters. Particular, among terms proportional to odd 
modular parameters, there are terms depending on the superspin structure L. Because of 
the above L dependence of both t — > {qN}) and qN — > qN{,{qN}), the discussed integrand 
is non-covariant under the supermodular group, if the qN moduli are chosen to be the same 
for all the superspin structures. To build the supermodular covariant integrand, the calcu- 
lation of the L dependence of both t{t, {qN}) and qN{.{<iN}) is necessary. It seems that the 

^Troughout this paper the hne over denotes complex conjugation. 
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knowledge of the above L dependence is necessary also, if instead of the discussed scheme, 
one will attempt to construct an explicit regularization procedure for the integration of every 
superspin structure contribution. 

In the present paper we calculate the explicit dependence on the odd modular param- 
eters of both t{t,{qN}) and qN{{qN})- Generally, the above dependence is obtained to be 
series in the odd modular parameters. We show that in both t and among terms propor- 
tional to odd modular parameters, there are terms depending on the L superspin structure. 
Furthermore, we propose method constructing the supermodular covariant integrand in the 
expression for the multi-loop amplitude. The above integrand presents the sum over all the 
superspin structures contributions, every term being calculated at its own moduli {qNL} 
and its own supercoordinates {ti^}, as well. These {qNLit'i}) variables are functions of the 
{{qN}it^^^) variables of the integration: q^^ = {qNL{{qN}) and t^l^ = t^L\t^^\ {Qn})- The 
above {qNL, t^^) functions are calculated from the condition that the same [t ^ i,qN q^) 
change of the (t,qN) variables corresponds to all the (t^ ti) mappings associated with 
the particular supermodular transformation. To avoid misunderstands, it is necessary to 
note that the changes of t under 27r-twists about {As, Bs)-cjc\es remain depending on the 
L superspin structure. Moreover, in this case the discussed changes of t are not, gener- 
ally, described by any simple expressions similar to the Schottky transformations. It is the 
fee for the supermodular transformations of (t, q^) to be independent of L. The desired 
supercovariant integrand turns out to be calculated uniquely by employing only a part of 
the supermodular transformations. So, to be sure in the self-consistency of the discussed 
scheme, one should verify that the above integrand is covariant under the whole supermod- 
ular group. This verification requires, however, an additional study of the supermodular 
transformations that is planned in another paper. Instead, in the present paper we discuss 
the changes under the supermodular transformations of the partition functions calculated in 



T^. For the theory to be self-consistent, the multi-loop partition functions must be covari- 
ant under the supermodular group. We argue that the considered partition functions |]14 
possess the supermodular covariance required. 



The discussed partition functions have been calculated [|14| from equations ||12|, [T^, [14 
that are none other than Ward identities. These equations fully determine the partition 
functions up to constant factors only. The discussed equations are derived from the con- 
dition that the multi-loop superstring amplitudes are independent of a choice of both the 
vierbein and the gravitino field. So it seems natural to expect that the above equations are 
covariant under the supermodular group transformations. Such is indeed the case, and in 
the present paper we give the direct proof of the supermodular covariance of the equations 
discussed. Therefore, the partition functions [l^ being the solution of these equations, with 
necessariness satisfy restrictions due to the supermodular group. Unfortunately, it is diffi- 
cult to obtain a more direct evidence for the covariance of the discussed partition functions 



under the whole supermodular group. Nevertheless, one can attempt to demonstrate 



the covariance of the above partition functions under some subgroups of the supermodu- 
lar group. Particular, we demonstrate that at zero odd moduli the partition functions 
are covariant under the supermodular transformations, which turn a pair of even genus-1 
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superspin structures in the Ramond sector to a pair of the odd genus-1 superspin ones. 

Besides the apphcation to the divergency problem, the dependence on the odd modular 
parameters of the supermodular transformations is necessary to calculate the dependence 
on the odd moduli of the region of the integration over the even moduli in the expressions 
for the multi-loop superstring amplitudes. Indeed, the moduli being defined modulo the 
supermodular group [1^, the even moduli are integrated over the fundamental domain that 
is determined by the condition that different varieties of moduli correspond to topologically 
non-equivalent supermanifolds. It is similar to the boson string theory where the region 
of the integration over moduli is determined by the modular invariance. Inasmuch as the 
supermanifods are non-compact in the sense of [jl9|, the boundary of the discussed funda- 



mental domain E depends on the odd moduli. When integrating over the odd moduli qod-, 
the dependence of S on odd modular parameters must necessarily be taken into account. It 
is obvious that the discussed qod dependence of S is just determined by the qod dependence 
of the even moduli qev{.{<lN}) obtained by the q^ (1n{.{<1n}) supermodular transformations 
of {q^} = {qev^Qod}- 

The arising of the dependence on the superspin structure in both t{t, {qn}) and qN{.{<lN}) 
when the odd moduli present, can be understood as it follows. For zero odd moduli, the 
supermodular transformations are reduced to the modular ones, which form the discrete 
group of globally defined holomorphic z — ^ z^'^'>{z^{qev}) transformations accompanied by 
the qev — > ^e?({5'ei>}) chaugc of the q^v even moduli. In this case the modular transforma- 
tions uj'^'^\{qev]) uj'^'^\{q^}}) of the uj^'^\{qev}) period matrices associated with Riemann 
surfaces determine in an implicit form all the new moduli qf^ in terms of qev up only to ar- 
bitrariness caused by possible fractionally linear transformations of Riemann surfaces. Since 
the tu^''^ matrix does not depend on the superspin structure, both the {qev} sets and the 
z'^'^\z^ {qev}) local coordinate appear to be the same for all the spin structures, if the {qev} 
set is chosen to be the same for the spin structures considered. In the presence of the odd 
moduli, however, period matrices are assigned to (1|1) supermanifolds rather than the Rie- 
mann surfaces 0, For the genus n > 2 the above uj{{q]s[}]L) period matrices depend 
on the L superspin structure by terms proportional to odd moduli ||10|, These terms 
arise because in the considered scheme the fermions mix the bosons under 27r-twists about 
(As, i?s)-cycles. So in the superstring theory, there are no reasons for qN{.{(lN}) and for 
t{t, {qN}) to be independent of L. Moreover, though the supermodular transformations of 
the above period matrices are described by the same relations as modular transformations 
of period matrices in the boson string theory, the above relations are insufficient to deter- 
mine all the resulting moduli in terms of the "old" ones, if the odd moduli present. Only 
if the action of the supermodular group on the odd moduli to be determined, the discussed 
relations give in an implicit form the fundamental domain S in the modular space. 

The calculation of the supermodular group action on the odd moduli is one of goals of the 
present paper. In general case the resulted qod{,{qN}) odd moduli are calculated in terms of 
both the parameters of a suitable modular transformation at zero odd modular parameters 
and the qod modular parameters, as well. The dependence of qod on qod is obtained in the 
form of a series in qod- The tudg^v}; L) period matrices in the Neveu-Schwarz sector have 



been calculated in R |TU|. In the Ramond sector for the even superspin structures the 
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discussed period matrices have been calculated in |T^. For the odd superspin structures 
these u!{{q]\f}; L) period matrices can be calculated by factorization of the even superspin 
structure in two odd superspin structures when " handles" move away from each other. This 
calculation is planned to give in another place. 

Like previous papers ||^, [11], |I2|, |1^, we use superconformal versions of the Schottky 
groups ||22|, Apparently, it is the only modular parameterization that allows to perform 



explicit calculations of the partition functions in the terms of the even and odd moduli. There 
are different ways to supersymmetrize ordinary spin structures, but supersymmetrizations 
do not all be suitable for the superstring theory. Especially, because the space of half-forms 
does not necessarily have a basis when there are odd moduli . The super-Schottky groups 



appropriate for all superspin structures have been constructed in |2^, ^ . In the lis = 
case the super-Schottky groups have been built before in |]^, |^, The above lu = case 
corresponds to the boson loop |10[- The boson loops can be turned into another boson 
ones by the {lis = 0,/2s = 1/2) {lu = 0, = 0) supermodular transformations discussed 
already in . These transformations restrict the argument of every Schottky multiplier 

ks, for example, as | argfcsl < tt. 

Additional restrictions on the fundamental domain in the modular space are due to the 
supermodular transformations that, for the given s, interchange A^-cycle and i^^-one. The 
above supermodular transformations change both the moduli to be qn and the t superco- 
ordinate to be t{t, {qN})- We calculate both t{t, {qn}) and {qn} in terms of the considered 
transformation taken at zero odd moduli. The parameters of the above transformation can 
not be calculated in the explicit form. So we obtain the explicit dependence of t(t, {^Ar}) 
and of only on the odd moduli. We show that both t(t, {qN}) and qjy depend on the 
L superspin structure. In the lu 7^ case the fermion fields are non-periodical about the 
A^-cycle, superfields being branched on the complex 2;-plane where Riemann surfaces are 
mapped. Hence cuts arise on the complex 2;-plane above. Sets of these cuts can be drown 
in different ways, but the varieties of these cuts can be turn into each other by suitable 
supermodular transformations. 

When the cuts on the 2r-plane present, there are the supermodular transformations due 
to going Ag-cycles over each other. Among these transformations, of the especial interest 
are those, which turn a pair of the even genus-1 structures into a pair of the odd genus-1 
structures: (/2S1 = 0, /2S2 = 0) — > {ksi = 1/2, /2S2 = 1/2), both hs-, = lu^ = 1/2 being un- 
changed. If odd moduli vanish, the moduli and the {z\9) coordinates are unchanged under 
the discussed transformations. For non-zero odd moduli, both the moduli and the {z\6) co- 
ordinates are changed. In this case we calculate in the explicit form both the resulted moduli 
and the resulted supercoordinates. The obtained results are used to demonstrate the covari- 
ance of the partition functions fl^ at zero odd moduli under the considered supermodular 
t r ansf ormat ions . 

In the supersymmetrical formalism [Q] the problem of the calculation of the partition 
functions and of the superfield vacuum correlators is concentrated, in mainly, on those su- 
perspin structures where at least one of the lu characteristics is unequal to zero. Indeed, for 
superspin structures where all the lis characteristics are equal to zero, the considered expres- 
sions can be derived by a simple extension of the boson string results [^. All the other 
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superspin structures can not be derived in this way. Generally, the procedure of "sewing" 
||T0| , |ll|] allows to consider the discussed superspin structures, but this scheme seems to be 
complicated, the results being obtained in the form that is rather difficult for an investi- 
gation. Main difficulties in the "sewing" scheme are due to the calculation of the Ramond 



zero mode contributions ||TT|. The above shortcomings are absent in the scheme developed 
in O, O, 11^. In the present paper we show in the explicit form that at zero odd moduli. 



the partition functions calculated in the considered scheme [0, |T3], |T4l possess supermodular 



covariant under supermodular transformations turning two even genus-1 structures to a pair 
of the odd genus-1 ones. 

The paper is organized as it follows. In Section 2 we give the description of the superspin 
structures in terms of super-Schottky group. We discuss also the fundamental domain in 
the modular space. Mainly, this Section presents a brief review of the results p6| 
essential for understanding the following Sections. In Section 3 we consider the supermodular 
transformations, which, for the given s, interchange A^-cycle and i^^-one. In Section 4 
we consider the supermodular transformations, which turn pair of the even genus-1 spinor 
structures with 1^-^ = lis^ = 1/2 into a pair of the odd genus-1 spinor ones. The supermodular 
covariance of the multi-loop partition functions is discussed in Section 5 and in Section 
6. In Section 7 the supermodular covariant integrand in the expression for the multi-loop 
amplitudes is constructed. The integration region over moduli is defined. A brief discussion 
of the divergency problem is given. 



2 Superspin structures 



Generally, every superspin structure given on a genus-n complex (1|1) supermanifold is 
defined by the transformations {Ta,s{J'is),^h,s{}2s)) that are associated with rounds about 
(As, _Bs)-cycles, respectively (s = l,2,...,n). Like the previous Section, we map the super- 
manifolds by the supercoordinate t = {z\9) where z is a local complex coordinate and 9 is its 
odd partner. Following to P, 0, |12|, |l^ we use for Th^sihs) the superconformal versions of 
Schottky transformations. For zero odd modular parameters these transformations r[°](/2s) 
are defined as 

re(W^f »--^} (1) 

where gs{z) is the Schottky transformations: 

^ = '^^^ ^ with ttsds - bsCs = 1. (2) 

Eq. (|1]) takes into account that for = 0, the spinors are multiplied by -1. Furthermore, 
the {as, bs,Cs,ds) parameters can be expressed in terms of two fixed points Ug and Vg on 



the complex 2;-plane together with the multiplier kg by 



u — kv ku — V 1 — k 

~7ti V ^ = ~7t:i ^ "^^^ = ~7ti ^ 

\Jk\u — v) y'k[u — v) y k[u — v) 
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(index s is omitted). Every transformation (|1]) turns the circle C^^ into Cu^ where 

Cy^ = {z : \CsZ + ds\ = 1} and Cu, = {z : \ - CgZ + as\ = I}. (4) 

It is useful to note that every Vs point is situated inside of C^^ circle and every Ug point is 
situated inside of C^^. The exterior of all the circles above is chosen to be the fundamental 
domain Q on the complex 2;-plane. A path about C„^- circle ( or about C„^-circle ) cor- 
responds to 27r-twist about Ag-cycle. Under the above path the spinors are multiplied by 
-1 in the lu = 1/2 case, for lis = they being unchanged 0. Therefore, 27r-twists about 
A^-cycles are associated with the following r^°](/is) mappings: 

T'aiihs) = {z ^ z, e^i-if^^^e}. (5) 

To extend the discussed mappings (|l|) and @ to arbitrary odd moduli it is necessary to 
find a relation between odd parameters in r(j^s(Zis = 1/2) and those in Tb^sihs)- Especially, 
because in the general case the space of half-forms does not have a basis when there are odd 
moduli To derive the desired relation, we employ []T1|, ^ ^ that for genus n = 1, 
there are no odd moduli. Indeed, the genus-1 amplitudes are obtained in terms of ordinary 
spin structures |Q. Hence for every particular s, all the odd parameters in both ra,s(Zis) and 
^b,s{hs) can be reduced to zero by a suitable transformation Tg, which is the same for both 
the transformations above: 

TaAhs) = f;irg(/i,)f„ uAhs) = f;ira(/2.)f, (6) 

where r^°](/is) is given by (H), r[°](/2s) is given by (|^) and depends, in addition, on two 
odd parameters, they being (/i^, Ug). We choose [|14|, ^ the Tg mapping as 

Ts- z Zs + egSsizs), e ^es{l + ese'j2)+es{zs); 
e'^ = d^es{z), es{z) = [^is{z-Vs)-Vs{z-Us]{us-VsY^. (7) 

In this case the T^^hs = 1/2) mappings appear to be identical to those proposed in |]. 
In the explicit form the discussed Tb^sihs = 1/2) mappings are given in P, ||, |10], [l^, |l^, ^ . 
They can also be written down as 

r a \- .-.n(A^Mhh^ {~ir^^es{z)e's{z)[z-gs{z)] 
^ {-l)'^-^9[l+es{z)ei{z)]+es{z,ks) _ fe.(z)e;(z) 

CsZ + ds (CsZ + dsY 

where gs{z) is the Schottky transformation @). Both es{z) and s's{z) are defined in (^. In 
addition, es{z,l2s) is defined by 

es{z,ls) = -{-lY^'icsZ + ds)esigs{z)) - Ssiz). (9) 

Eq.(|D shows that Th^hs = 0) are obtained from Tb^hs = 1/2) by the y/ks ~Vks 
replacement [14, 21, |2^, |2^. Employing (0), one can prove that transformations (j^) remain 
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to be fixed the supermanifold points {us\fis) and (fs|z/s), and that kg is the multipher of 
the Th s{l2s = 0) transformation. Furthermore, it is obvious from @ and @ that T"^ ^{lis) 
is the identical transformation, as well as ra_s(/is = 0): r^^^(/is) = /, Ta,s{hs = 0) = /. 
Simultaneously, it is follows from that ra^s(Zis = 1/2) is given by 

Ta,s{hs = l/2) = {z^z-29es{z), 9 ^ -9{1 + 2ese',) + 2es{z)}. (10) 

It is useful to note that the right side of ( p!OD is equal to Ti,^s{hs = 1/2) at = — 1. Since 
ra,s(^is = 1/2) 7^ / and r^g(/is = 1/2) = /, a square root cut on the considered z-plane is 
associated with every lis 7^ 0. One of its endcut points is placed inside the C^^ circle and 
another endcut point is placed inside the Cu^ one. Explicit formulae for conformal tensors 
0, |2^, |2^ show that the above endcut points are situated at Vg and Us, respectively. 

Superconformal p-tensors Tp(t) being considered, every ra^s(/is = 1/2) transformation 
relates Tp(t) with its value T^^\t) obtained from Tp{t) by 27r-twist about C^^-circle (^). So, 
Tp(t) is changed under the Ta^sihs) = {t ^ tg} T^s = {t ^ t''^} mappings as 

TAn) = T(^\m^,St), Tpitl) = Tp{t)Q'rJt). (11) 

where Qr^si^) Q^a A^) factors, which the spinor derivative D{t) receives under 

the Tb^sl2s mapping, and, respectively, under the Qra,si't) one. The D{t) spinor derivative is 
defined as 

D{t) = 9d, + de. (12) 



In ([l^) the de derivative is meant to be the "left" one. For an arbitrary superconformal 



mapping F = {t — >• = (^r(^)l^r(^))}, the (5r(^) factor is given by 

Q^\t) = D{t)9r{t) ; D{tr) = QT{t)D{t). (13) 

It is obvious from (^ that all the even genus-1 superspin structures can be derived by super- 
modular transformations of a fixed structure because it can be done if the odd parameters 
are zero. Moreover, in this case the half-forms, as well as all vacuum superfield correlators 
associated with every superspin structure, can be derived by transformations (^ from those 
taken at zero odd parameters. Hence, at least for n = 1, there is no the problem of construct- 
ing a basis of the half-forms, which has been observed in . The discussed half-forms can 
be constructed also for the higher genus supermanifolds. It is fairly clear because the 
above supermanifolds are all degenerated, in essential part, to the genus-1 supermanifolds 
when handles move far from each other. In addition, all even ( odd ) superspin structures 
can be derived by supermodular transformations of a fixed even ( odd ) structure that is the 
necessary condition of the supermodular invariance of the multi-loop amplitudes. 

At it is was noted in the Introduction, the t supercoordinate is transformed under the 
supermodular group by holomorphic supersymmetrical transformations t t{t; {qm})- Si- 
multaneously, QnHqm})- Also, generally, the above transformations turn out the 
superspin structures into each other: L ^ L. In the theory of Riemann surfaces the ac- 
tion of the modular group on the modular parameters can be given in an implicit form by 
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the relations between the uj^'^\{qev}) period matrices and those obtained by the action on 
uj^^\{qev}) of the modular group. The above relations are as follows 

^^'\{qe.}) = [Auj^'\{&) + B][CJ^\{qil^}) + D]-' (14) 
where A, B, C and D are integral matrices [|15[ ( see also [|1^ ). The cj*^'"^ period matrices in 



terms of the Schottky group parameters have been calculated in p3| , p7| . The above matrices 
are given in the Appendix B of the present paper. In the genus n > 3 case a number of 
equations ( |14|) being n{n + l)/2, is greater than a number 3?t, — 3 of the complex moduli, 
but only 3n — 3 among the equations are independent of each other. So eqs. ([1^ determine 
in an implicit form all the new g^^-* Schottky parameters in terms of the old ones {qev} up 
to arbitrariness due to possible fractionally linear transformations of Riemann surfaces. To 
determine in the similar way the action on the even super-Schottky group parameters of the 
supermodular group, one must add ( [T^ ) by the calculation of a dependence of qev on odd 
modular parameters. As it explained in two following Sections, the above dependence is 
determined simultaneously with the calculation of the action of the supermodular group on 
the odd super-Schottky group parameters. One can also use, instead of (p!^, supermodular 
transformations of the period matrices assigned to complex (1|1) supermanifolds. Super- 
modular transformations u!{{qN};L) u!{{qN};L) of the above matrices have the same 



form ([1^) as in the theory of the Riemann surfaces: 

uj{{qN}; L) = [Auj{{qN}; L) + B] L) + D]-\ (15) 

In the super-Schottky parameterization the above uj{{qN}] L) matrices in the Neveu-Schwarz 
sector have been calculated in H, ffO]. In the Ramond sector the discussed period matrices 



for the even superspin structures have been calculated in |T^. The period matrices for the 
odd superspin structures can be calculated in the similar way. This calculation is planned in 
another paper. For all the even superspin structures the above period matrices is presented 
in Appendix B. 

To determine even if in the implicit form the action of the supermodular group on the 
even super-Schottky group parameters, eqs. (|15]) must be added by expressions of the odd 
super-Schottky parameters qod in terms of {gA?}. The simplest supermodular transforma- 
tions are those, which turn the {1^ = 0, /2s = 1/2) characteristics to {lu = 0, = 0) and 
conversely. The above transformations have already been discussed in Under the 

considered transformations, arg ks is replaced by arg ks + 2TT, other modular parameters being 
unchanged, as well as the t supercoordinate. Indeed, as it has been explained above, the 
^b,s{hs = 0) transformations are obtained from the Ths{l2s = 1/2) transformations (||) just 
by the arg kg — > arg kg + 2tt replacement. Hence the considered transformations restrict the 
argument of every kg, for example, as larg/c^l ^ tt. Additional restrictions on the funda- 
mental domain in the modular space arise from supermodular transformations discussed in 
Section 3 and Section 4. Unlike the above considered transformations, these transformations 
affect the super-Schottky group parameters. In addition, they appear depending on the 
superspin structure. 
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3 Interchanging Ag-cycles and Bg-cycles. 



In this Section we consider those supermodular transformations, which, for a number of 
the handles, interchange A-cjde and B-one. These transformations are associated with the 
t t(t, {qn}) supersymmetrical mappings of the t = {z, 0) supercoordinate as follows 



z = f{z) + r{z)9i{z) and 9 = J f'iz) 



1 + -az)i\z) ] 9 + e(^) 



(16) 



where f{z) ( respectively, S,{z) ) is an ordinary (respectively, Grassmann ) holomorphic 
function |2^. Below it is implied that z in (|TB[) belongs to the fundamental domain 
f2, which is the exterior of all the circles (^). We calculate the dependence of both f{z) 
and ^{z) on the odd modular parameters for the supermodular transformations in question. 
It is obvious that the discussed transformations are determined up to the superconformal 
fractionally linear transformations. We fix the solution of ( [iBD by the condition that the above 
transformations remain unchanged the {A^o} set of (3|2) of the super-Schottky parameters 
chosen to be no moduli, which is the same for all the genus-n supermanifolds. 

For the resulted superspin structure, 2ti twists about (A^, i?s)-cycles are associated with 
the {ta,s(hs)Sh,s(hs)) transformations instead of {Ta,si}is),^b,s{l2s))- The above transfor- 
mations are defined by eqs.(|6D-(p!0D in terms of the resulted (/Cg, u^, f)^, /t^, z>s) Schottky pa- 
rameters instead of the {ks,Us,Vs, fisyi's) Schottky ones. In this case both gs{z), e{z) and 
e{z,ls) are replaced by gs{z), e{z) and e{z,ls), respectively. Above gs{z), e{z) and e{z,ls) 
are expressed in terms of the resulted moduli just the same as gs{z), e{z) and e{z,ls) are 
expressed in terms of {ks,Us,Vs, fis, ^s)- As it was already explained in the Introduction, we 
calculate both i and the {ks,Us,Vs, fj-s, i^s} in term of z^^^ and of {kf'\ uf\ v^^^ , which are 
equal to above z and {kus,Vs} taken at zero odd modular parameters. 

Without loss of generality, we can assume that under the transformations considered, 
{lis, /2s) -characteristics are changed only for s = 1, 2...p, they being unchanged for p < s < n. 
Hence in the s < p case every 27r-twist about A^-cycle is turned to 27r-twist about -B^-cycle 
and conversely. And every 27r-twist about A^-cycle ( i^^-cycle ) is turned to itself in the 
s > p case. Hence the set of the equations arises as follows 

TaAhs){i)=i{'rbAhsm) and T,Ahs){i) = i^'\{TaAhs)m for s<p 
TbAl2s){i)=i{T,Ahsm) and TaAhs){i) = i^'H^aAhsm) for s > p. (17) 

The i^^\t) value in (piT]) obtained by 27r-twist of t(t) about C^,^-circle (^) on the complex 
2;-plane. We write down (|1^ in term of fo{z) and g^^\f) presenting f(z) and, respectively, 
gs{f) calculated at zero modular parameters. These fo{z) and gi^\f) obey eqs.(|l^ taken 
at zero odd parameters. The above equations can be written down as follows 



Mz)-fo{9s) = gi'\fo)-fr{z) = for s<p, 



g^'Kfo) - Mgs) = fo - fi'^ = for s>p (18) 

where gs = gs{z) and /o = /o(-z)- Furthermore, fo^\z) is derived from fo{z) by 27r-twist about 
Ag-cjcle. Eqs.(18) determine both fo{z) and g^^\f) up to fractionally linear transformations. 



10 



We fix the choice of both fo{z) and gi^\f) by the condition that the above {A^o} set of the 
Schottky parameters is unchanged. In this case both f{z) and gs{f) in question differ 
from fo{z) and gi^\f) only by terms proportional to odd modular parameters. It will be 
convenient to define y{z) and hs{f) functions as follows 



and 



hsif) = gs{f)-e\f)- 



(19) 



Every of eqs.(|T^) presents the set of two equations, every equation being the first order 
polynomial in 6. So, there are four equations associated with every 27r-twist, but one can 
verify that two of these equations follow from two other ones. The full set of the independent 
equations can be chosen as follows. Firstly, we use the relations, which determine z at 6 = 0. 
Eq.(|18|) being taken into account, the above relations for i at ^ = can be written down as 



viz) - yigs){csz + ds) 



hsif) 



fli.9s)g's{.z 

viz) - y{gs){csZ + dsf 

is)... Uf) 



y{z)-y''Kz) 



for s > p 

for s < p, 

+ pf^^{z) for s<p 

yiz)-y^-'\z)=pi-^\z) for s>p 



(20) 



where / = f{z) and hs{f) is defined by (|TU|). Every y^'\z) in (|2g) is obtained by 27r-twist of 
y{z) about A^-cycle. The explicit formulae for the p^^'^^ functions ( with p = a,b and q = a,b 
) are given in Appendix A. Eqs. (PD|) must be complected by the equations, which follow from 
the relations (0) for 9. To derive these equations, we calculate g's{f) = dfCjs^f) using for 
this purpose the hnear in 6 terms in the relations discussed. We substitute this g'a{f) to the 
relations determining at ^ = 0. In this case the desired equations turn out to be as follows 



i{z) + {-lf'''i{gs){csZ + ds) = e.,{zj2s) + 

^z) + i-lf'^ a9s){csz + d,) = e,{z,ks) 
e(^) - (-l)2'-e(^)(z) = -[1 - (-1)2'-K(^) 

e(^) - ( 



[1 - (-l)^'-]^".(/) 



+ r]i^^\z) for s<p, 



+ r]f^\z) for s>p 



\2hs 



EAZ - 



+ V?''\z) 



4''''\z) for s>p (21) 



for s < p 



where / = f{z) and gs = gs{z). The r^^^^^ functions with p = a,b and q = a,b are given 
in Appendix A. Every $,^^\z) value in (^Tj) is obtained by 27r-twist of ^{z) about C„^-circle 
(^ on the complex 2;-plane. The first pair of the equations in (pO]) and in (|21|) is derived 
from those of eqs. (17), which associated with 27r- twists about -Bg-cycles on z-plane. And the 
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second pair of the discussed equations in ( pO] ) and in (|21| ) is derived from those of eqs.(]T7|), 
which associated with 2'7r-twists about Ag-cjcles on 2;-plane. In deriving (|20|) and (|2l|) , 
eqs.(|D and (0) are used. It is follows from (|20D and from (|2lD that in the Zis 7^ case 
both ^{z) and being twisted about C^^ and C„^-circles (H), are branched on the complex 
z-plane. One of endcut points is placed inside the C^^ circle and the other endcut point 
is placed inside the Cu^ one. If fo{z) is assumed to be known, eqs.(pOD, and (|2T|) can be 
used to calculate both ^(z) and y{z). To solve the above equations we transform them to the 
integral equations. For this purpose we build the holomorphic Green functions G^gl{z, z') and 

Gjf^ {z, z'), which are conformal 2-tensors and, respectively, a conformal 3/2-tensors under 
z' — > gs{z') transformations on z'-plane. We require also that the above Green functions have 
no singularities in the VL fundamental domain on both 2;-plane and 2;'-one, except only at 
z = z'. Particular, being a non-singular conformal 2-tensor, G^^l{z,z') decreases not slower 



00. And G 



if), 

gh 



Z, Z 



being a non-singular conformal 3/2-tensor, decreases 



') at 2;' 00. It is useful to note that under z — > gs{z) transformations 



than {z')~'^ at z' 
not slower than ( 

the above Green functions necessarily have the depending on z periods. So they are not to 
be conformal tensors under the above transformations. The discussed Green functions can 
be obtained from ghost Green functions considered in |12, 13, H . These Ggh{t,t') Green 
functions appear in the special ghost scheme [jl2|, |13| that allows to calculate, among of 



other things, both the moduli volume form and zero mode contributions to the partition 



functions. Both G^gl(z,z') and G 



^gh 



Z, Z 



are calculated from the Gghit.t') defined in [|T4 



by taking all modular parameters to be zero. In this case, Ggh{t,t') can be written down in 
terms of G^gHiz^z') and as Ggh{t,t') = Gfl{z,z')e' + OG^ff^iz, z'). We normalize 



both G^gl{z, z') and Gg^^{z, z') as follows 



-{z- z')-^ and G^J (2, z') ^ {z - z'Y^ at 



(22) 



Then the changes of the considered Green functions under the z 
given by W\ 



gs{z) transformation are 



-l?''^-\CsZ + ds 



'^gh 



{9s 



ZL z 



(CsZ + ds 



G 



if). 

gh I 



Z,Z') + 



Pf 



(Gfi{z,z')+j:'pRs 

\ Rs 



mf!_iz' 



{z)xfiz 




(23) 



where X^r^{z') are the conformal 2-tensor zero modes ( in number of 3n — d j, ana XfsK^' ) 
the conformal 3/2-tensor zero modes ( in number of 2n — 2 ).0 We use for both Rg and 
the same notation as for the Schottky parameters: Rg = {ks,Us,Vs) and Fg = {ns,i^s)- The 
summation in ( PB| ) is performed over only those Rs = {kg, Ug, Vg) and Fg = {fig, Ug), which do 
not belong to the {A^o} set chosen to be the same for all the genus-n surfaces. Furthermore, 

^ In terms of the Xjv^^') modes defined in the above x^^(z') and Xf\z') are expressed as 
^'Xr]{^') = XRsi^') and Xf?(^') — XF^it')^ XnS'^') being taken at zero odd modular parameters. 



3 ), and xPA^') 
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Pfs{z) and PrX^) iii (ED present polynomials of degree-1 and, respectively, of degree-2. In 
the explicit formQ the above polynomials are given by |jl2|, |13|, 0, ^ 



P. 



[CsZ + ds 



des{z,l2s) 



P. 



iCsZ + ds 



dus 



P, 



icsZ + d, 



-2f-l 



[l + (-l)2'-v^](z- 



ksiUe 



dvs 
and P,, (z) 



des{zMs) 2[l + (-l)2'-v^(^- 



{Us - Vs) 



(24) 



where P^, = Pfe,(2;), P^, = Pus{z), Pvs = Pvs{z), and es{zj2s) is defined by (|). It is obvious 
that the Gg)^ Green functions depend on the spin structure. In the lis 7^ case they change 



Tj] also under 27r-twist about C^^ cycle as follows 

[1 - (-1)2'^^] 



(25) 



where G 



gh 



( f\ 

z, z') denotes the Gj^ Green function 27r-twisted about A^-cycle. Like (|2 



the summation in (^) is performed over only those Fs = (/is, Us), which chosen to be moduli, 
and XFs{z') are the same as in (^31) . Furthermore, Pp^J{z) are degree-1 polynomials in z. The 



above polynomials are equal to Pfs{z) polynomials in eq. (^4]) taken at 
In the explicit form 

p<.)(,)_i(i^ and pW(.) = l(i^. 



\2l2 



ks 



Us - Vs 



Us - Vs 



-1. 



(26) 



It is proved in [T^ that eqs.(^) and eqs.f^Sl) are self- consistent. In flj] the discussed Green 
functions were considered only for even spin structures, but they can be extended without 
any difficulties to odd spin ones of genus n > 1. 

To derive the set of integral equations for both S,{z) and y{z) in question we start with 
the following relations 



where infinitesimal contour C(^z) gets around 2;-point in the positive direction. Then we 
deform this contour to those, which surround both C^^ and circles (§) together with the 
Cs cuts that, generally, present because both y{z) and ^{z) are branched. Every integral 
along is reduced to the integral along the C^^ contour by the z' gs{z') transformation. 
As the result, in the integrand, either [y{z')—y{gs{z')){ssz'+ds)'^] or [C^{z')—C,{gs{z')){csz'+ds)] 

^ In terms of the Y^^^^ (t) polynomials given in Q, the above polynomials are expressed as Pr^ (z) — Y^^j^^ 
and 9Pf, (z) = y/*]^ 



. dz' 
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appears. We replace every above value by its value given by eqs. (^0|) and (^). Eqs. (pOl)- 
(0) are used also to calculate both [^{z') — ^^'^\z')] and [y{z') — y^'^\z')] in every integral 
along the Cs cut. The desirable equations turn out to be 



az) = t [Gl^^iz,z') 

n „ 

+ E jGfMz') 



[1 



ejz 



s=l 



+ E / G^Si^^z') 



Cvs 



[1 



lf'{z') 



f'iz') 



+ t [ Gi'^iz,z') 



€siz' , l2s) ~ 



f'iz') 



v^rHz') 



dz' 

2TTi 

dz' 

dz' 

dz' 
2wi 



(28) 



together with the following ones 



y{z) = j:jG%,z') 

n „ 

+ E / Gfl{z,z') 



hsif) 
foi9s)9's{z') 



hsif) 
ft^\z') 

-pf'\z) 



E / G%.z')pf^Hz')^. (29) 



In (^) and (gP|) the definition are the same as in (^ and (^. Both ri^'i''\z') and p(«'^)(;z') 
are defined in Appendix A. Every Cs path in (pS]) and (p9D goes along the upper edge of the 
cut from the 2;^"-' point to the 2;^^-' point where 2;^+^ = gs{z^~^) and 2;^"-' is an arbitrary point 
on the Cy^ circle. Every C^^ circle (^) in (p8|) and (p9|) is rounded in the positive direction 
starting from the 2;^"-* point above. 

Generally, the right sides of (p8|)-(p9D has a singularity aX z = z^~^ and at z = z^^\ 
as well. At the same time, both y{z) and ^{z) are assumed to have singularity neither at 
the boundary of the fundamental domain VL nor inside VL. So, generally, the left sides of 
being calculated from (p8D -(p9D, differ from those given on the right side of above 
eqs. (pnD-(PTD. The additional contributions to the left sides of eqs.(P(]|)-(pT|) are caused by 
the proportional to zero mode terms on the right side of (pSj). Therefore, eqs. ([28|)-(p9|) are 
equivalent to (pO|)-(pl|) only if the discussed contributions are equal to zero. Hence eqs. (p^) 
and (B^) must be added by the following relations 



o = tjxFAz) 



E 



Cs 



XfAz 



[1 - (-l)^'-]..(^') + 



Is) 



[i-(-iriu^(^') 



JsiJl 



V. 



V. 



dz^ 

dz^ 
27ri 
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ts{z\l2s) + 



[1 



\2l2s 



dz' 



+ E 



XfAz 



dz' 

— (30) 



where r = 1, ...n, and to the following ones 

hsU) 



= T.jxRriz') 



-'a 



Cs 



dz' 



E 



XrAz 



hsU) 



dz' 
2jxi 



1^ dz' 



(31) 



Eqs. (|28|)-(|3TD determine both ^{z) and y{z), as well as both (/is,z>s) and the {5ks,5us,5vs 
differences defined to be 



5ks = kg — kl^\ 5us = Us — uf^ and 5vs = Vs ~ vf\ 



(32) 



The {kl^\ uf\ v^^^) Schottky parameters in ( ^2]) are associated with the gi^\f)- A various 
choice of the shape of the Cs lines is associated with various supermodular transformations. 
Solving (|28D-(pTD, it is useful to use the following relations ^ \ 



Cvs 



G[f^{z,z')P,Xz')^^-[l 



N 2/1.1 



G[^^{z,z')P^^Hz'' 



Cs 



Gfliz,z')PnXz')g-^=0 



dz' 



Cvs 



(33) 



where PrXz'), PfXz') and Pjf^ {z') are defined by ( p4D and (|26|). To prove ( |33D one can start 
with integrating a suitable Green function product taken along the infinitesimal contour 
around z-point. Deforming this contour to that, which surrounds both C^^ and circles 
(H) together with the Cs cut ( if it exists), one uses ( ^3]) and (|25D . In more details the proof 
of the relations similar to (|3^) is discussed in Particular, owing to (P^D, the sum of 

the integrals of Ss and disappears in eq.(^). Furthermore, using (0), (0) and (p3D, one 
derives the following relations [|lj 



/ X,Xz)PfXz)^^ - [1 - (-1)^'-] / Xf,{z)P^fXz 

Cs 



a)f_,-,dz^ 

, dz' 



-^F'Fs 



J XR'M)PRs{z')^. = Sr'^r^. 

Cvs 



(34) 
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where XrXz') and xfX^') ^^re the same as in ( |30[ ) and in (pT]), ^atat' being the Kronecker 
symbol. Particular, using (|3^), one can perform explicitly the integrals of Sg and in (|30|) . 
In this case (pO]) are written down as 

n n 
n n 

Ur = Y: [x;X(L)^s + X;XiL)iys\+T.X-XiL)vF. (35) 



where rjp^ is defined as 



f f fly !■ 

s — 1^ s — 



The Xp^p^ (L) matrix in (^) is given by 



-2izl)!W^/,,Mip^ for .<p; 



2mJkJ'{z) 



_,i-(-ifw,^,x.,MI/(^oj ^^^^ 

Us-Vs J 2niJf'{z) 



Us - Vs J 2niJf'{z) 



Cv ^ 



Since the terms on the right sides of (^Sf), (|29|) , (|3lD and (|35|) are proportional to Grassmann 
parameters, the above equations can be solved by an iteration procedure. In this case the 
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solution of the considered equations is obtained to be series in {/i^, Ug}. The first step of the 
discussed procedure is to replace f{z') in (pSD and in (^) by fo{z') (assumed to be known), 
the terms with 7]^"^^^ { q = a,b and r = a,b ) being neglected. In this case ( pS]) determines 
the linear in {/x^, i/^} terms in C,{z). In the same approximation eqs. (^) determine the 
action of the supermodular group on the odd super-Schottky parameters. It is obvious that 
in both y{z) and the {Skg, 6us, Svs) differences, the dependence on odd parameters begins 
with quadratic terms. These terms are calculated by the substitution of the obtained ^{z), 
fig and Pg to (p9D and to (|3TD, f{z') being replaced by f^^z'). One employs also that in the 
considered approximation, hs{z) is given by 

hg{z) = + Pi%u, + Pl;%Vs (38) 

where Pi°\ P^o) and Pjo) are the P^^, P^^ and P^^ polynomials in (p^ associated with the 
gl^\z) transformations. The iteration procedure being continued, one calculates ^{z), y{z) 
and in {6ks, 6us, Svs) differences to be series over odd modular parameters. One can prove 
that both C,{z) and y{z) have no singularities inside the fundamental domain Q and at its 
boundary, as well ( the proof is omitted here). Simultaneously, all the resulted values in 
question depend on the L superspin structure, if the {ks,Us,Vs, fJ.s,J^s} set is chosen to be 
the same for all the superspin structures. The above L dependence arises because both 
Gg)^{z,z') in ( |28D and Xpiz') in ( pO]) depend on L. One can see also that all the even 
superspin structures Sev without odd genus- 1 structures can be obtained by a suitable su- 
permodular transformation of the only superspin structure. In the next Section we consider 
the supermodular transformations turning the above Sev structures to those containing an 
even number of the odd genus-1 spinor structures. 



4 Transformation of two even genus-1 structures to a 
pair of the odd genus-1 ones 



In this Section we consider the supermodular transformations of Sev - 
pair of the genus-1 structures to a pair of the odd genus-1 ones, say lu^ 



S2, which turn a 
= hs2 = 1/2; hsi = 



I2S2 = ^ = lis2 = hsi = hs2 = 1/2. Without loss of generahty we assume that si = 1 
and S2 = 2. Under the discussed transformation, the 00^2 element of the u'^^^ period matrix 
turns to UJ12 i 1) the other uj^^'> matrix elements being unchanged. It is worth while to note 
that the expression R |23, of 0012 contains, among of other things, the following term 



,,ir)_ 1 

^12 — 7r~ 7 — 



U2){Vl - V2) 
V2){vi - U2) 



+ ... 



(39) 



The desirable uj\2 oj\2 =t 1 replacement is achieved by the addition of 27r to the argument 



of one of the differences inside the round brackets in (pUj). So the discussed transformation 
of uj appears to be the result of suitable rounds of the (mi, ti2, Wi, ^2) fixed points over each 
other. As example, we consider the clock-wise going of the U2 point about the ui one. On 
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z-plane the discussed round corresponds to the going of circle (|D about circle, as 
it is shown in Fig.l. In this case we start with the Sev superspin structure with In = I12 = 
1/2, /21 = ^22 = 0. The initial position of the circles and the cuts is shown in Fig.l(a). 
The {vi){ui) cut is situated between vi and ui fixed points and the (f2)(M2) cut is situated 
between V2 and U2. After the discussed round to be performed, the circles are returned 
again to the same position, but the cuts are deformed, as it is shown in Fig. 1(b). A shape 
of the cuts is unessential because, as it has been explained in Section 2, it can be changed 
by a supermodular transformation. Hence we can close the cuts together, as it is shown in 
Fig. 1(c). In Fig. 1(c) the resulted cuts are represented by the bold lines. As it is follows from 
Fig. 1(b), the bold line about Cu^ circle is formed by the (f2)(M2) cut sandwiched by {v2){u2) 
cut. The bold line about circle is formed by the {v2){u2) cut. And the bold line drawing 
from circle to one, is formed by both (t>i)('Ui) and (f2)(w2) cuts sandwiched every 
other. The cuts surrounding both the circles in Fig. 1(c) are removed by the re-definition 
of superholomorphic functions at ( and inside ) the considered circles to be the analytical 
continuation of the above superholomorphic functions from the fundamental domain Q. As 
we noted already in Section 2, the Q domain presents the exterior of all the circles and 
of the ones. Under the above re-definition, both the {Th^sihs = 0) transformations for 
both s = 1 and s = 2 are also changed to be T^^s^ as follows 



■^{ch) 



5sl'^a,l^a,2^a,l^b,l{k = 0) + Ss2T a,l^ b,2i^2 = 0) for S 



1,2 



(40) 



In eq.(^OD, the = Ta^s{lis = 1/2) mappings are defined by ([T0| ) and 6sr is the Kronecker 
symbol. As it follows from (|I|) and (^, in the case of the odd modular parameters to be zero 
( /^i = z/i = /i2 = 1^2 = ), the transformation (|40|) just corresponds to the transformation 
of two considered even genus-1 spinor structures into the odd genus-1 spinor structures: 
hi = ^22 = ^ I21 = I22 = 1/2, hi = /12 = 1/2 being unchanged. For arbitrary modular 
parameters, every Tp{t) superconformal p-tensor is changed in going across the (mi)(u2) line 
in Fig. 1(c) by the r2i2i transformation turned out to be 



r2121 — Fa oFalFa ^Fa,! 



(41) 



where Ta,s are the same as in (|^). Eq.(^T]) follows directly from (|TT]) and Fig. 1(b). Hence in 
this case the cut arises to be between Cu^ and C^j. Nevertheless, we show that this cut can 
be removed by a suitable superholomorphic mapping of the t = {z\9) supercoordinate. As 
the result, we again obtain two odd genus-1 structures. We write down the desired mapping 
t ^ i = {z\9) of the t supercoordinate as follows 



z = fiz) + f'iz)ea^) and e = Jf'iz) 



1 + Imi'c^] 



+ m 



(42) 



where both f{z) and ^{z) are proportional to the odd modular parameters. In this case the 
{us,Vs,ks} resulted Schottky parameters differ from the old Schottky ones only by terms 
proportional to the odd modular parameters. Furthermore, Ag and Bg —>■ Bg under 

the above mapping (H2]). Like the previous Section, we calculate that solution of (^3), which 
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does not change the {A^o} set of (3|2) Schottky parameters chosen to be no moduh. Both f{z) 
and ^{z) are calculated from the condition that superconformal tensors have no discontinuity 
going across the {ui){u2) line on z-plane. In this case 

|(0(5) _ = 4[^^(/) _ ^^(/)] _ i2ei(/)52(/)4(/) + 45i(/)e2(/)e'i(/) 

and p\z) - = -8e^{f )e2if ) (43) 

where / = f{z) and the (/) symbol ( and, respectively, the (r) symbol ) at the right top 
shows that the value being marked by the above symbol, is calculated at the left ( and, 
respectively, the right ) edge of the {ui){u2) cut. Eqs. (^31) follow directly from (^). Above 
eqs.(E3D must be complected by the relations 



rif{t)=t(r,^,{ksm) and r,,,(/i,)(t)=i^'n(fa,s(/is)(t))) for s = l,2; 
TtAhs){t)=t[tt,s{hs){i)) and r,,,(/i,)(t) = t^^) (f„,,(/i,)(t)) for s > 2. (44) 

where (Ta,s{hs), ^b,s{hs)) transformations are associated with 27r-twists about {Ag, Bs)-cjc\es 
on t-supermanifold. Furthermore, hs = hs = 1/2 for s = 1,2 and T^^g^ are given by (|40|) . 
Eqs.(l^) determine the discontinuities of both f{z) and C,{z) under 27r-twists about {Ag, Bg)- 
cycles. Eqs.(|43| ) - (|4^) can be solved by the same method, which was developed in the previous 
Section for the solution of eqs.([T7|). In this case both f{z) and ^(5) are found to be quite 
similar to f{z) and ^{z) in Section 3 except only the additional term due to eqs. (|4^) . To 
avoid unwieldy expressions we give in the explicit form only the terms linear in odd modular 
parameters. In this approximation, f{z) = z. In addition, there is no difference between 
^{z) and C,{z). In the considered approximation, the desired ^(z) turns out to be 

e» = - / G(ft^,/)7(^')^ + / Gi^iz,z'Mz')^^ - J G^{)(^,/)7(/)^ (45) 

Cl2 '-'"2 

In (^5|) the path goes along the U1U2 cut in Fig. 1(c) from the z^^^ point to the Z2^^ one. 
Every 2;^+^ point ( s = 1, 2 ) is the intersect of the C12 path with the Cu^ circle. Every 
C^^-circle ( s = 1, 2 ) in (|45|) is rounded in the positive direction starting from the z^~^ point 
defined above. The 'j{z) local parameter in (^) is given by 

= -f{z) = 4e2{z) - 4ei{z) (46) 

where eg{z) are defined by (^ for s = 1, 2. In deriving (^) we transform the integrals along 
the C^^ circles to the integrals along the circles by the z — > {dgZ — bg){—CgZ + as)~^ 
replacements. In addition, (^), eqs.(p3D have been taken into account. Using (1) and (^) 
one can express 7(2;) in terms of P^J polynomials as follows 

7(^) = /i2P£n^) + ^2P£n^) - f^iP!:\^) - ^iPl:\^) (47) 

One can verify that S,{z) being given by (^51) , satisfies eq.(|^) taken in the considered linear 
approximation in odd modular parameters. In addition, (|45|) has no singularities ai z = z[~^^ 
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and at Since the dependence on Grassmann parameters of the even moduh begins 

with quadratic terms, only the (yUg, z/g) Schottky parameters are changed in the considered 
linear approximation in odd modular parameters, the transformed parameters being {fis, I's)- 



The (/is, Ug) in question are calculated from the relations quite similar to (|30D . Eqs. (p4D being 
taken into account, the desired {jls, I's) are found to be 

2 2 

i^s = i^s + Y^ ^M.Mj/^i + ^i^suj^j and i)s = Vs + Y^ ^i^snt^i + ^'^sUj^j (48) 

where X^^^., X^^^^, Xi,^^^ and Xy^y^ are the non-zero matrix elements Xp^F'- of the X matrix, 
which is defined by 

{-iyXp^p,= f xfAz')P^){z')P^-2 f XFAz')Pf){z')p^- I XfAz')pI^\z')I^ 

Cui Cl2 '^"2 

for = /ij, Vj with j = 1,2; 
Xp^F' = for F' = fij, Uj with j > 2. (49) 

where Xp^pi matrix elements are labeled by Fg = (/is, i^s) and F' = (/ij, za) where 1 < s < n, 
^ ^ j ^ n, n being the genus. In deriving (^) eq. ( |17| ) is used. It is worth-while to note that 
^FsF' = 0, if Fg G {iVo}. In the next section we employ eqs. (^9]) to discuss the supermodular 
covariance of the multi-loop partition functions. 



5 Supermodular covariance of the superstring parti- 
tion functions in the particular case 

It is commonly to write n-loop superstring amplitudes An as follows 

An = f UdqNdqj.Yld&^S'^^ J2 ^L,L'({g^, ^iv}) < 11 ^(^^'^ ^^'^) >l,l' (50) 

N r L,L' r 

where Z^^l' are the measures ( partition functions ) and the < ... >l,l' symbol denotes the 
vacuum expectations calculated for the (L, L') superspin structure. The index L (L') labels 
superspin structures of right (left) fields. The integration in ( ^0] ) is performed over both 
{3n — 3|2n — 2) complex moduli qn and over their complex conjugated and, in addition, 

over the (^W,^^) vertex local coordinates and over their odd partners {6^'^\ as well. As 
it was already noted in Section 1, in fact eq.(pOD needs the regularization. In this Section we 
employ eq. (|50D only to clean the definition of the Zi^pi partition functions. The holomorphic 
structure [|1^, |21|] of the above partition functions is determined by the following equation 



ZL,v{.{qN, Qn)) = [det 2'ni[uj{{qN^, L') - ^({gjvj, ^)]J ZL({gjvJ)^L'({gjvJ) (51) 

where Zi({gAr^}) is a holomorphic function of the q^^ moduh, and oj{{qNs}i L) is the period 
matrix associated with the supermanifold under consideration. In terms of super-Schottky 
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group parameters {ks,Us,Vs, fis,J^s} both ^^({gAr^}) and uj{{qi\f^}, L) for the Neveu-Schwarz 



sector have been obtained in |10|, |T2| |13|. For all the even superspin structures in the 



Ramond sector they have been calculated in |14|. In this case the result is given in the form 



of series over Grassmann modular parameters. For the sake of completeness we present these 
results in Appendix B. 

It is necessary for the considered theory to be self-consistent, that the above Zl^i par- 
tition functions do be covariant under g^r QnHqn}) supermodular group transformations 
of the modular parameters as follows 

ZL,L'i{^N,qN}) = ZL,L'{{qN^qN))\J(^c{dqN / dqN')\^ (52) 

where Jac{dqj\f / dqjy) is the Jacobian of the considered supermodular transformation and 
L {L') is the resulted superspin structure of right (left) fields. We give a direct evidence 



that, for zero odd moduli, the partition function calculated in |Tj] satisfy eg . (^21) under 
the supermodular transformations turning a pair of the genus-1 structures to a pair of the 
odd genus-1 ones. In the next Section we argue that the considered partition functions are 
covariant under the whole supermodular group. 

At zero odd moduli the uj{{qN^}, L) period matrix in ([51| ) is reduced to that associated 
with the Riemann surface, and, therefore, it is independent of the L spin structure. In this 
case, as it follows from (^) and from (0), the Zs,^^{{qNs}) holomorphic partition function as- 
signed to the Sev spin structure is changed under the Sev —>■ S2 supermodular transformation 
discussed in Section 4, as follows 

^^-«^^» = det(/ + X) 

where Zs^ is the partition function associated with the S2 spin structure. The above {Sev, S2) 
spin structures were defined in the end of Section 3 and in the beginning of the previous 
Section. The X matrix in ( ^3]) is defined by (^9]). We show that the partition functions 
obtained in satisfy the conditions (|53|) . One can see from Appendix B that discussed 



Zl partition functions at zero odd modular parameters can be written down as follows 

ZL{{ks,Us,Vs}) = ^ , , = (54) 

y^det M{{ap}) det M{{-ap}) 

where ZL{{ks,Us,Vs}) is invariant under the discussed Sev S2 supermodular transforma- 
tions and M{{ap}) is the matrix defined below. Both M{{ap}) and ZL{{ks,Us,Vs}, {(Xp}) 
depend on the choice of the {ap} set where dp = ±1, and p labels those genus-1 spin struc- 
tures, which are associated with lip = 1/2. Nevertheless, the right side of (|5^) turns out to 



be independent of the choice of the above {cp} set [|14|. To define the M{{ap}) matrix in 



(0) we consider for every spin structure the Green functions G(^f^){z,z') and the Green 
function Gf{z, z') as it follows just below. 

The G(^a-){z,z') functions are defined [|l4l by 

n ( _ ^^P^^[^r({fxJ) +Es2Zi,(Ts(J(o)s(2;) - J(o)s(^'))] /p-p-N 

[z - gr{z')][crz' + drf ^''^ 
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where J{o)s are the functions having the periods to be 27r2ti;^^\ and uj'f^ is the period matrix 
at zero odd moduh. The summation in ( ^51) is performed over all the group products F = 
{z — > 5'r(-2)} of the basic group elements = {z — >• gs{,z)} including F = /. Furthermore, 
fir({(Ts}) in (il) is defined as 

^r({^s}) = - E 2/i.a,^Mn,(F) + ^(2/2^ - l)rir(F) (56) 

s,r r 

where UriV) is the number of times that the F^ generators are present in F (for its inverse 
TiriT) is defined to be negative ) and as = ±1. So, G(o-) depends on a choice of the {0"^} set. 
It is follows from (|55| ) that the changes of G'(o-) under the z Qsiz) mappings are as follows 

G^^){gsiz),z') = i-lf'^-\crZ + dr)-'(G^^){z,z')+ E Y^,fM^^'!fA^')] (57) 

where ^^^\^{z') are 3/2-tensors, F^. = (/i,,, z/^) and Yfj^Pri^) is given by 

Ya,Friz) = explni"^ 2lisasJ(o)siz)]PF,iz) (58) 



where PfX^) is given by (P^. In addition, we define the Gf{z, z') Green function, which is 
changed under 27r-twists about A^-cycles and about i^^-ones as follows 

Gf{gsiz),z') = i-lf^^~\csZ + ds)-'(Gf{z,z')+ ^ Pf.{z)xfAz') 

\ Fs=IJ.s,l's 

Gf{z,z') = -^^^^^^(Gf{z,z')+ E P^^^^)XfAz') ] (59) 



where, unlike (^3]) and (^), the summation is performed over all Fg = (/x^, z/^) including the 
{A'^o} set, too. Furthermore, G^j\z,z') in (|59| ) is the Gf Green function 27r-twisted about 
A^-cycle. In addition, -Pfs(^) and PpJ{z) in (^) are degree-1 polynomials defined by (p^) 
and (^61) , x^^(2;') being conformal 3/2-tensors.0 Above XFsi^') have no singularities in the 
fundamental domain on 2;'-plane, except only at 2;' ^ 00. It is worth-while to note that the 
Ggf^{z,z') Green function discussed in the previous Sections can be expressed in terms of 
the Gf{z, z') function as 

G^J^{z,z')=Gf{z,z')- E Pf{z)xf{z') (60) 

F<^{No} 



where Pf{z) are degree-1 polynomials in z. The F indices in (|60|) are associated with those 
odd Schottky parameters, which chosen to be the same for all genus-n supermanifolds. The 
Pf{z) polynomials in ( |60D are determined from the condition for Gg{^{z,z') to decrease at 

^ In terms of the xn^ (f) superconformal 3/2-tensors defined in |lj], every above xf^ (z') is equal to xf^ (t') 
taken at zero odd modular parameters. 
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least as {z')~^ when z' — > oo. One can prove that, simultaneously, this condition provides 
relations (^31). It can be also proved that the Pf{z) polynomials in ( |60|) are independent 
of the spin structure. 

To define the desired M{{ap}) matrix in (Q) it is worth-while to note that the above 
Gf{z, z') functions can be expressed in terms G(^„){z, z') as 

" r dz" 

Gf{z,z') = G^^^^iz,z')-Y: E J G^^){z,z")—P,Xz")xfXz') 

s=i Fs=tJ.s,i^sr: 



+E E 

S = l Fs=IJ,s,Us 



Gi.)iz,z")^/;^z")xFXz') 



(61) 



Cs 



where XFs{z') are 3/2-tensors defined by (|59|) . Both the Cy^ contours and the Cg ones are 
the same as in ( pS]) and (pQ]). Furthermore, the Pf^{z") polynomials are defined by ( p^ and 
the PpJ{z") ones are given by (|26|). To derive ( |6TD we represent Gf{z,z') to be the integral 
over performed along the infinitesimal contour around z', the integrand being G(^cr){z, z"). 



Running this contour away and using (p3|) and (25), we obtain (pl|). As soon as for every 



spin structure there is the only Green function [|T4| satisfying eqs.(p9D , the right side of 
(|6l|) is, in fact, independent of {cTs}- Furthermore, the XFs{z') conformal 3/2-tensors are 
expressed in the terms of $i°]v^ in ( |57D as [|14| 



(0) 

<7,Fs 



E Mf^MW,})xf. 



where the Mp^^pi^[{aq}) elements of the M[a) matrix are given by 



M, 



F.,F/({crq}) 



(0) 

CT,Fs 



{z)—Pp,{z) 



[1 - (-l)2'v] 



(0) 
(7,Fs 



dz 



[z)—P^p){z). 

^ '2711 ' 



(63) 



and 



The desired M{{ap}) matrix in 



)4|) is just the same as that defined by (|63D . Eqs.(| 
(|6^) are derived from the condition that, being calculated from (|6lD, the changes of Gf[z, z' 
under 27r-twists about (A^, i?s)-cycles are given by (|59|) . Both the G^ contours and the Gr 



ones are the same as in (|2q) , (P9|) and (pll). The ^\p_^{^z^ conformal 3/2-tensors are calculated 



explicitly from eqs. (pSj) and ([571). It is useful to note that going certain of A^-cycles about 
each other turns both G{^ry)[z,z') and ^'^^^p_^{z) associated with the Se.v superspin structures 
to the superspin structures containing pairs of the odd genus- 1 superspin ones. Particular, 
it is follows from this fact and from (|5^) that under the discussed 5'e« — >■ 5*2 transformation, 
Z^^^dgAT^}) holomorphic partition function turns into Zs^{\(InS) with exception only the 
factor due to both the change of the contours of the integration in the M({crp}) matrix 
(|6^) and to the modification of the [PfxiPf-^ polynomials (|2^) in (0). Indeed, before the 
discussed going of about circle being performed, the (Ci, C2) contours in ( |53D present 
none other than the (z^~^)(2;^"'''') lines in Fig. 1(a) where 2;^^-' = gsi^z^f'^^ and s = 1,2. The 
z^~^ point is the intersect of the G^^ circle with the {v^{u^ line. After the going of Gu^ 
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about Cui circle to be performed, the lines are deformed to be as in Fig. 1(b). So 

the integral along the additional paths arises. In the s = 2 case the above integral can be 
reduced to the one taken along the circle together with the integral along the {zi^^){z2^^) 
line in Fig. 1(c). In the s = 1 case the integral along the Cm circle is added. To express the 
discussed M({(Tp}) matrix in terms of that assigned to the 5*2 spin structure, one must also to 
take into account that the {Pfi,Pf2) polynomials (p^ associated with the 5*2 spin structure 
are calculated from those associated with the Sev spin structures by suitable — > —y/k's 
replacements. Furthermore, the integral along every circle can be turned to the integral 
along the circle by the z — >• {dgZ — hs){—CsZ + ag)'"^ replacement. In this case one obtains 
the expression of Zs^S{qN}) in terms of Z^jd^Tv}) as follows 

Zs {{qN}) = ^^iiiMI (64) 
s^^KUNS) det(/ + X) ^ ^ 

where the Xp^p. elements of the X matrix are given by 

Cuj (7^2 Cu2 

for F'^ = fij, Uj with j = 1,2; 
Xp^P' = for F' = fij, Vj with j > 2. (65) 



In deriving (|64[) and (|65[) we employ eqs.(^) and (^). One can see from (^) and (^) that 
the X matrix differs from the X matrix by the xFs{^') ~^ XFsi^') replacement. Nevertheless, 
we prove that det(/ + X) = det(/ + X) and, therefore, eg. (|6^) is the same as (^31). 

For this purpose we note that the XFs{z) conformal zero modes in (^) are expressed in 
terms of the XFs(^) conformal 3/2-tensors as follows 

XfAz)=XfAz)- ^f,f^Xf^{z) (66) 

where Fp = (/ip, Up) and the {iVo} set of the indices is the same as in (|^). The above indices 
are associated with those Schottky parameters, which chosen to be the same for all genus-n 
supermanifolds. Furthermore, Ap^pi, elements of the A matrix are defined by 

i 1 Us . Vg ■ Ur Ug 



if {fir, Vr) £ {^o}; otherwise Ap^pi^ = 0. (67) 



In (|67D , like throughout above, ( the fixed points of the z gp{z) Schottky 



transformation (^. To derive (^) and (p7|), we calculate the Pp^ polynomials in ( |60D from 



the condition that in the sum on the right side of (pSD, there are no terms proportional to Pp^ 
with Fg G {Nq}. Employing, in addition, eqs.(p9D, one obtains both (p6| ) and (§7[). Hence 
the X matrix can be written down as 

X = X - AM-^X (68) 
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where the A matrix is defined by (|67D. 
(EB). Furthermore, it is obvious from (El 



Eq.(|8D follows directly from (|| 
I) that 



51) and 



det(J + X) = det(/ + X) det[l - AM-^X{I + X) 



-ii 



(69) 



that is the same as follows 



det(J + X) = det(/ + X) det[l - (/ + X)-^XylM-^] (70) 
In addition, one can verify by the direct calculation that 

XA = (71) 

and, therefore, the desirable relation 

det(/ + X) = det(/ + X) (72) 

takes place. So the partition functions (U) obey eq. (|53|) , and, therefore, they are covariant 
under the particular modular transformations considered. 



6 Supermodular covariance of the superstring parti- 
tion functions in the general case 

As it has been noted in the Introduction, partition functions (0) have been calculated 



Ij] from equations that are none other than Ward identities. The above equations are 
obtained from the condition that the discussed amplitudes are independent of a choice of 
vierbein and the gravitino field. Hence it is natural to expect that these equations do 
be supermodular covariant. Below we give the direct proof that the considered equations 
really possess the covariance under the supermodular group discussed. Since the above 
equations fully determine the partition functions ( up to constant factors only ), the partition 
functions (|5^) necessarily satisfy restrictions due to the whole supermodular group. The 



desired equations have the following form |]T^ O, R 



d d 
Y.XN{t;L)- — In ZL^L,{{qN,qn}) =< Tgh + T^ > - — XN{t;L) (73) 

together with the equations to be complex conjugated to (^). The derivatives with respect 
to odd moduli in ([73|) are implied to be the "right" ones. The Xnit] L) superconformal 3/2- 
tensor zero modes will be defined below.Q Furthermore, Tgh and are the stress tensors of 
the ghost and string superfields, respectively. In the explicit form 

= 10((9X)DX/2 and Tgh = -{dF)B - d{FB) + D[{DF)B]/2 (74) 



These superconformal zero modes are denoted in mm as XNit)- 
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where D denotes the spinor derivative ( [T^ ) and X is the scalar superfield, the space-time 
dimension being 10. In addition, B is 3/2-tensor ghost superfield and F is the vector ghost 
one. In ( ff^ the explicit dependence on the supercoordinate t = {z\6) is omitted. The above 
Tm is calculated in term of the G(^rn)(t,t'; L) vacuum correlator defined as follows 



G(„)(t,t';L) = -Dit')d, < X{t,t)X{t',t') > 



(75) 



Furthermore, Tg^ is calculated in terms of the ghost superfield vacuum correlator Ggh{t, t', L) 
where 

Ggh{t,t'-L) =< F{t,t)B{t',f) > . (76) 
It is quite essential that, unlike the well known ghost scheme [ 



29 , the vacuum correlator 



(ff^) has depending on t periods under rounds about (Ag, Bs)-cYc\es. In the explicit form 
(the explicit dependence on L is omitted ) 



G,,it:, t') = Qriit) [ Gliit, t') + E Y^%mN{t' 



N 



G.Hit t') = Qvl (t) { G,n{t, t') + Y: Y,%t)xN{t' 



(77) 



N 



where 3/2- zero modes xn are the same as in (|73D . Both the = Ta^s{lis)(t) transformations 
and the = Tb^s{l2s){t) ones (H) are defined in Section 2. Furthermore, G^J^{t,t') is obtained 
from Ggh{t,t') by 27r-twist about C^,^-circle @. At least, and y/^! are polynomials of 

degree 2 in {z, 9). The sum over in (^) includes only those Y^^li^{t), which associated with 
the Schottky parameters that are moduli. We use for the {N^} indices the same notation 
{kr,Ur,Vr, fir,^) as for the Schottky parameters. In this notation, particularly, q^^ = k^, 
Qur = '^r and so one. In this case the above polynomials are given as follows Q 



(t) = Yp^NAt)^rs where p = a,b and ^^^^^(t) = 



dqP OOP 
_|_ ap s 



dq 



Ns 



' dq 



(75 



Eqs.(^) being taken into account, the condition for Ggh(t,t') to be 3/2-supertensor on 
t'-supermanifold, fully determines |T2|, |TB|, |T1| both Ggh{t,t') and 3/2-superconformal zero 
modes XN{t')- At the odd modular parameters to be zero, eqs. (|77D reduce to (p3D and (p5|). 
Unlike the ghost correlators considered in Ggh(t, t') has no unphysical poles |]T^ |T^]. 
In the calculation of Tm + Tgh, the singularity aX z ^ z' in both G(^m)(t,t') and Gghit.t') is 
removed by the usual prescription |23[| . 

m, they 



Eqs.([73D resemble the equations discussed in But, unlike those in 

take into account, in addition, the factors due to both ghost zero modes and the moduli 
volume form. The above terms are taken into account in (^3|) owing to the using of the 
Gghit,t') ghost superfield vacuum correlator satisfying eqs.([77D and owing to the presence of 
the proportional to dq^^XNit) terms on the right side of ([751). The difference between eqs. ([7^) 
and those in |p, ^ is especially urgent for those superspin structures where at least one of 
the lis characteristics is unequal to zero. Indeed, in this case the equations ^ have no 
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solutions at all. To the contrary, ( [73| ) allows to obtain |T^ explicit formulae for the partition 
functions associated with the superspin structures discussed. 

One can see that both Tgh and have the usual form |23| in the terms of the ghost or 
string superfields, but in the considered scheme, Tm + Tgh is not superconformal 3/2-form 
under the {Ta,s{hs),^b,s{hs)) mappings because the Ggh{t,t') ghost superfield vacuum corre- 
lators have the periods under the mappings above. Nevertheless, the right side of eg. ([73|) , as 
well as the left side, appears to be superconformal 3/2-form under the considered mappings. 
Moreover, we prove that eqs.(^) are covariant under supermodular transformations. 

As it was already noted in this paper, the discussed transformations, generally, present 
globally defined t t(t, {qn}) = {z\9) mappings that accompanied by both the L ^ L 
change of the superspin structure and the change qjy — ^ qNiilM}) of the moduli. Under the 
considered transformations, Ggh(t,t'; L) — > Ggh(t,t'; L) and G(^m){t,t'; L) G(^rn)(t,t'; L). 
Since G(^m)(t,t'; L) is defined by ( [75|) to be the tensor under globally defined superconformal 



transformations, the desired G(m){t,i'; L) is given by 

G(^^){t,t')=Q{i)G^m){i,i')Q\i) 



(79) 



To calculate G(^rn){i,i'; L), it is useful to note that a number of rounds about {A,B) cycles 
on t supermanifold corresponds to every 27r-twist about either A-cycle or _Bs-cycle on the t 
one. Therefore, to every t — Tb^s{hs)it) mapping and to every t Ta,s{hs)(t) mapping, the 
appropriate mappings on t-supermanifold can be assigned. For the condition that under the 
above mappings, G(m)it,t'; L) is changed in the accordance with eqs. ([77|) written in terms 
of the variables assigned to t-supermanifold, the desired supermodular transformation of 
Gghit, t'; L) turns out to be 



Gghit, t'; L) = Q-\t) [Gghii i'; L) + ^ 

\ N 



dz{i) , ^^.^dd{i) 



dq 



N 



dq 



N 



^0) 



In (|80|) the Q{t) factor is defined to be 

Q-\i) = D{t)e{i') 



IV. 



and D{i) is the spinor derivative ([l2|) with respect to i = {z\9). Furthermore, the XN(t,L) 
superconformal 3/2-zero modes in (|77|) are written down in terms of XN{t'; L) in (|80D as 
follows 

XN{t.L) = Y.^^XN'{hL)Q\i) (82) 

AT' ^^N 

In addition to eqs.(pOD, (|82D and (|79|), one must take into account eq.(^), which describes the 
supermodular transformation of the partition functions. In this case one can verifies by the 
direct calculation that eqs.(^) appear to be covariant under the transformation discussed. 
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7 Supermodular invariance of the multi-loop super- 
string amplitudes 

In the self-consistent theory the multi-loop superstring amplitudes An must satisfy the re- 
strictions due to the supermodular group. Naively, eq. (|50D satisfies the above restrictions 
because every even ( odd ) superspin structure contribution in An can be derived by super- 
modular transformations of the contribution due to a fixed even ( odd ) structure. In fact, 
however, the supermodular invariance of eq.(|50D must be ensured by a suitable regularization 
procedure because the integration of every superspin contribution in (^) is divergent. It is 
worth-while to note that the above regularization procedure is necessary even if in the whole 
integrand the singularities are cancelled after the summation over the superspin structures 
to be performed. Indeed, the {qn — > Qn, t^"^^ i^^^) change, being associated with the partic- 
ular supermodular transformation, depends on the superspin structure in terms proportional 
to odd modular parameters, as it has been shown in the previous Sections. As the result, 
the integrand in (|50D appears to be non-covariant under the discussed transformations. In 
this case the supermodular invariance of (^) could be the result of an appropriate integra- 
tion of every superspin structure contribution. Being divergent, this integration needs the 
regularization procedure. To avoid the above regularization procedure, it seems attractive 
to re-write down the right side of ( |50| ) to be the integral of the supermodular covariant func- 
tion. For this purpose we assign to every superspin structure contribution in ( ^Of ) the suitable 
mapping [t tL(t; {qN}),qN — > QlnHqn})]- Furthermore, we write down the desired An 
amphtude as follows 

An= [ lldq^dqj,l[dt^''^S'^hi{qN,qr,}; {t^'l i^'^) . (83) 

N r 

In (|83|) , the I{{qN,qN}j {t^^\i^^^}) integrand is defined as 

H{(lN,qN}'^ {t^'^^t^''^}) = J2 ZL,L'{{qLN}dQL'N})J(^c{dqLN/dqN')Jac{dqL,^/dq^,) 

L' 

n Jac{dt'^[^/d&^)Jac{dt'^[)/dt^) \ < n ^(t? JP) > (84) 

\ r / r 

where Jac{dqLN / dqN') and Jac{dt^[^ /dt^^^) are the Jacobians of the corresponding transfor- 
mations. It is implied that the consideration given in the previous Sections is referred to 



tL{t,{qN}) and gL7v({g7v}). Particular, eqs. (|T|), (|D-(|T]), (H), (||) and (|4|) determine 



the action of the supermodular group on and qiN- The (t, {^at}) dependence of and of 
qLN is calculated from the condition that the {t ^ t,qj^ q^) change under every super- 
modular transformation associated with the given integral matrices in (14) and (|15D is the 



same for all the superspin structures. In this case the integrand in ( ^3] ) appears covariant 
under the supermodular transformations. The region of the integration over even moduli qev 
in ( P3| ) is the quotient of the qN space by the supermodular group. 

Without loss of generality, one can take t = tig and qN = qhoN for the Lq superspin 
structure. We choose Lq to be the superspin structure S'(O) where lu = hs = ^ for every s. 



28 



It is convenient because the supermodular transformations discussed in Sections 3 and 4 map 
the S{0) superspin structure onto itself. In this case action of the supermodular group on t 
and is determined by (p!5D, (p^)-(pT|), ( pSf ) and (|i5|), all they being taken for L = 5(0). 
Particular, to calculate the quadratic in {/i^, Ug} terms in qev, one can substitute in (|15]) eqs. 
(p5|) with 1]^'^'^^ = and with the X matrix taken at zero odd super-Schottky parameters. 



After the above substitution to be performed in (|T^), eqs. (|T^) determine in the discussed 
approximation the integration region in (|83D . 

Under the above Lq = 5(0) choice, the (t = tL,qj^ = q^w) relations take place for all 
the Neveu-Schwarz superspin structures Si ( in this case, /i<j = for every s ). Indeed, as 
it was discussed in Section 2, all these superspin structures can be derived from S{0) by 
the a/^J —y/k's replacements. Furthermore, for the superspin structures with non-zero 
/is-characteristics, the (tL,qLN) variables differ from (t, gA?) only by terms proportional to 
the odd modular parameters. Employing the results obtained in the previous Sections, one 
can calculate ti(t; {qN}) and qiNiilN}) assigned to the above superspin structures. For 
superspin structures Sev without the odd genus-1 superspin ones we use the supermodular 
transformations discussed in Section 3. In this case the desired relations for the calculation 
of tL{t] {qN}) and gLJv({giv}) are given by 

hitL,{qLN})=ti{io,{qm})- (85) 

On the left side of (P^D, = ti^t, {qN}) and q^N = Qln{{Qn})- Furthermore, to = 4(^! {Qn}) 
and qNo = qNoi^N)- In (p5| ) the {t —>■ io,qN —>■ qNo) supermodular transformations are 
calculated for the S{0) superspin structure defined above. Eqs. (|85|) follow directly from the 
condition that the right side of (Q) is covariant under the supermodular transformations 
considered. In the L = S{0) case eqs. (|85|) degenerate to be the identity. To solve (|85D for 



the L 7^ >S'(0), one can take L = Si. In this case ti{t) = t. Hence eqs. ( ^5]) determine both 
iL{'t,{<lN}) and (?L7v({gAr}) for all the Sev superspin structures discussed. Particular, in the 
linear approximation in {^r, r^r}, the desired {fJ-Lr, ^Lr} for L = Sev are given by 



r 



^iLr = T. {x{L)X~\Lo)) fis+(x{L)X-\Lo)) 

S=l 

n r 

ULr = Y. (xiL)X-\Lo)) f^s+(xiL)X-\Lo)) 



s=l ^ 



(86) 



where both X{L) and X{Lo) are taken at zero odd super-Schottky parameters and Lq = S{0). 
Eqs. ( ^6|) follows from (^) and (ISSf ). Furthermore, if one substitute (|86D into (0), one can 
calculate from the obtained equations the region of the integration over {qev} in the quadratic 
approximation in i^s}- The above integration region turns out to be calculated in terms 
of the modular group parameters at zero odd moduli and in terms of the odd super-Schottky 
parameters, as well. To calculate the tL(t,{qN}) functions for the even superspin structures 
containing the odd genus-1 superspin ones, one must consider the transformations discussed 
in Section 4. In this case ( p5D is replaced as 

hitL,{qLN})=t^[\t,{qN}) (87) 
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where = tiit, {qN}),qLN = qLN{{qN}) and ^"^(t, {gA?}) is calculated from ti{t,{qN}) 
by the going of suitable A<j-cycles about each other. Starting with L to be among the 
Sev superspin structures, one calculate from (p^) both tL{t, {^at}) and qLN{{qN}) for the 
superspin structures containing a number of pairs of the odd genus-1 superspin ones. This 
calculation is quite similar to that performed for the Sev superspin structures. 

It is obvious that (|83|) should be reduced to (0), if the integration of every superspin 
contribution were to be finite. The above integrations being divergent, we define the 
amplitude by eg. (p3D . Unlike (0), eq.(p3D satisfies in the explicit form all the restrictions 
due to the supermodular group. Hence the study of the divergency problem in the considered 
theory is reduced to the investigation of the singularities of (p^). Particular, the absence of 
non-integrable singularities in (Q) means the finiteness of the theory discussed. 

Generally, it is expected [T^, |T7|, ^ that the (super)modular invariance provides 
the finiteness of the superstring theory. The reason is P, |l6l that the above invariance 
origins the space-time supersymmetry of the Ramond-Neveu-Schwarz superstrings. In turn, 
the space-time supersymmetry prohibits the tadpoles appearing to be the only source of 
possible divergencies in the theory. So one can hope that being supermodular covariant, 
(p^) is free from non-integrable singularities. The study of potential singularities of p^ ) and, 
therefore, potential divergencies of (|^) requires the detailed investigation of the modular 
measure that goes out of the framework of this paper. In the present paper we restrict 
ourselves only by a brief consideration of the subject discussed. 

One can see from eq.(pTD together with eqs. (0), (0), (0), (0) and (^) of Appendix 
B that singularities may arise in (|8^, if bodies of the kLs{{qiy}) multipliers assigned to basic 
Schottky transformations go to whether unity ( up to the phase ) or zero. It is follows from 
(^), (p6D, {^7\j and (^) that singularities present in (|^) also when bodies of multipliers k 
assigned to products of the basic Schottky transformations go to unity ( up to the phase ). 
One expects, however, that the last singularities do not origin a divergence of (|83|) because 
the k —>■ 1 limit does not mean the degenerateness of the Riemann surface. At the same time, 
potential divergences in string theories arise from the degenerateness of Riemann surfaces 



3T[| . In fact the discussed singularity in (|8^) is compensated by a smallness of the integration 
volume associated with the configurations considered. Moreover, the domain where bodies of 
the kLs{{qN}) Schottky multipliers are near to unity ( up to the phase ) is equivalent modulo 
of modular group to the domain where bodies of these Schottky multipliers are small [|T^]. 
So the above domain can be excluded from the integration region. Furthermore, one can see 
from (piD, ( P^ and that vanishing the kisHqN}) body appears when ks — > 0. In this 
case kLs{{qN}) ks[l + Os{L)] where Os{L) is proportional to odd modular parameters. The 
highest kj^^'^ singularity appears in the case when {lis = 0, /2s = 1/2) or {lis = hs = 0). As 
it is usual 0, in every sum of two superspin structures distinguished only in the discussed 
genus-1 superspin ones, the above k~^^'^ singularity is reduced to k~^ because Os{L) is the 
same for both the superspin structures considered. In addition, the non-holomorphic factor 
in (^) gives the factor (In in (|8^) . As the result, the integration over small kg does not 

lead to divergency of (P^l). Moreover, one finds to be finite the integral over the region where 
the fixed points associated with a particular basic Schottky transformation go away from 
each other. Indeed, in this case the radius of the circles (Wl associated with the considered 
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Schottky transformation is taken to be finite. Otherwise the above circles intersect the ones 
associated with other basic Schottky transformations. The finiteness of the above radius at 
|ms — fs| — > cxD requires kg to be small as \ks\ = \us — Vs\~^ that provides the finiteness of the 
integral discussed. 

Because of the {ug — Vs — figi^s)^^ factors in (^), a potential singularity in (Q) is also 
expected if, for a particular handle, \us — Vs\ —>■ 0. The above singularity could lead to 



divergencies of (pOl) . In the considered \us — Vs\ — > limit the genus-n Riemann surface 
is degenerated in two separate Riemann, one of genus 1 and the other genus (n — 1). If a 



number of the vertices in (^J) present on both the above surfaces, the discussed singularity 
origins the threshold singularities of (|50|) at suitable magnitudes of the external 10-momenta. 
But in the configuration where all the vertices appear to be whether on the genus- 1 surface 
or on the one of genus (n — 1), the considered singularity should cause a divergency of 
independent of 10-momenta above. One can see from (|8^) and ( ]95|) that in the discussed 
region the integrand of has the following form 



1 ^ fJ's'^s + OsjL) 



+ + {Us - Vs)B + {Us - Vs)B 



where Im is the integrand for the genus-m amplitude ( with m = n — 1 or m=l) and is 
the same for the genus-m vacuum one. For m = 1, the discussed integrand is obtained by the 
factorization of ( |MD when the particular handle moves away from the others. Furthermore, 
6s(L) appears in ( pH]) because of the difference between {us.Vs) and the fixed points of the 
Schottky transformations. The line over denotes the complex conjugation and B describes 
the terms proportional to {us — Vg). One can see, for the discussed singularity to be absent 
in (^81) , the necessary condition is = 0. The above = could be the consequence 
of the space-time supersymmetry, which causes the vanishing of the vacuum amplitude |I5 



Using the measure [|1J] presented in Appendix B, one can show without essential difficulties 



that = 0, but the verification of the discussed statement for m > 1 needs an additional 
investigation. Furthermore, being necessary, the above J^-* = condition is insufficient to 
remove the singularity in question because the second order pole presents in ( pSf ) due to 
the expansion in the series over the odd super-Schottky parameters. So for the discussed 
singularity to be absent, the B = condition must be added. One can see a reason for this 
B = condition to be because the second order pole in (jS^) is reduced to the first order one 
TT\ , pO[] by a choice of the appropriate variables [|10|- It is not evidently, however, whether 



the above choice is consistent with the supermodular invariance. So an additional study of 
the discussed subject seems to be necessary. The kindred divergencies appear in ( p3D when 
the Riemann surface is degenerated in two separate Riemann surfaces, one of genus rii and 
the other of genus [n — rii) with rii > and n — rii > 1. The integral over the vertex local 
coordinates is potentially divergent, too. Indeed, when all the vertices move to be closed 
together, the vacuum expectations of the vertex product in (^) are ceased to be independent 
of qj\f. The discussed vacuum expectations begin to be covariant under the superconformal 
extension of the SL2 group that originates the divergency of the integral over the vertex 
coordinates. In this case the singularity in the integrand is appear to be similar to (BHI). To 
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remove the above singularity,the vanishing of the vacuum amphtude is again necessary, but 
insufficient. For the similar reasons, divergency might arise from the region where all the 
vertices move away from each other. 

It is necessary to note that we uniquely calculate the supercovariant integrand (|^) taking 
into account only a part of the supermodular transformations. So, to be sure in the self- 
consistency of the discussed scheme, one should verify that the above integrand is covariant 
under the whole supermodular group. This verification requires, however, a more detailed 
study of the discussed supermodular transformations that is not finished at present. We 
plan to discuss this problem in another paper. 
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A 

To give the explicit definitions of the p^^''^ functions in (^) and the rf'f'^^ functions in (^) 
for p = a,b and q = a,b we present the above functions as 

iba) . ^ _ 4°Vo(^)y'(^) P'i'Hz,hs) U) . ^ (aa) . ^ _ P^i^Ms) U) . ^ 

Vf^\z) = iif\z, lu) + V^r\^) = hs) + (89) 

where both p'f\z) and r]^^\z) with p = a,b are defined as follows 

pi'Kz) = -{-if 



{b)(^\_ f 1 ^2^2. [^^(^' hs)e',{z, l2s)f'{z)[z - gsjz)] + f'{gs)es{z, l2sM9s)] 



fo{9s)9s{z)[csZ + ds] 

JO {^) 

Furthermore, both p^f\z, Is) and T)'f\z, Is) with p = a, 6 in (^) are given by 



pi'')(z,g = (-lf' 



SsS 



'sU-uf)] az)w.is)4m 



Csf + ds [csf + d. 



2 

•5j 
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pf\zx) = [i-{-ir']i{z)Uf)4n^) 
t\z,is) = [i-{-ir'] 



(91) 



where / = f{z). 



B Measure in terms of super-Schottky parameters 

For the Neveu-Schwarz sector matrix elements ujps{{qNs}i L) of the period matrix in (^) are 



given by M, 10 



^7r«u;ps^gArJ, L - in — r — 

+6pslnk,. (92) 

In ( p2D the summation is performed over all super-Schottky group transformations F = 
{z — > gr{z,9),9 9r{0,z)} except those that have the leftmost to be a power of F^, the 



rightmost being a power Tp. Besides, F 7^ /, if s = p. The ZL{{q]\j^}) factor in (|51|) for the 



Neveu-Schwarz sector has been found to be 0, |T^, [13 

/ " ( — l)^'2s-l[]^ _ ( — 1)2': 



ZLi{qNA)=Hi{q^^)il[ 



00 

xn 

m=l 



nfi - (-i)^^-v^]-^ 

[1 - (_l)S.A;™-l/2]8 



'1-k 



m\8 



(93) 



where the product over {k) is taken over all the multipliers of super-Schottky group (|^), 
which are not powers of other the ones and 



(94) 



In (P^, nr{T) is the number of times that the F^ generators are present in F (for its inverse 
ririT) is defined to be negative ). At last, H{{qN^}) in (|93D is defined by 



Hi{qN^})=g''^iu,-u,)iv,-U2) 



1 - 



2{ui - U2) 2{vi - U2) 



Y[{Us-Vs- fJ^s^s) ^ (95) 



s=l 



where g is the coupling constant. It is assumed that Ui,Vi,U2, fJ^i and ui are fixed to be the 
same for all the genus-n supermanifolds and, therefore, they are not the moduli. 
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The Ramond sector to be considered, we present Zi({gAr^}) in ( |5T[ ) for every even super- 
spin structure as follows 



ZLiiqNs}) = Zo(m){{ks,Us,Vs},L)Zo(^gh){{ks,Us,Vs},L) X 

Hi{qNA)T^r::\{q^A,L)T^;^i{q^A,L) (96) 

where H{{qN^}) is given by (195|) and the subscript "gh" ( "m" ) labels the ghost ( respectively, 
string superfield ) contributions. Both ZQ(^m){{ks,Us,Vs}, L) and Zo(g/i) ({/cs, f^}, L) are 

calculated at zero odd Schottky parameters. Both In T^^({gAr^}, L) and InT^g^^ {{qn^}, L) 
present the terms proportional to the odd Schottky parameters. The Zo(m)({^s, Wg, f^}, L) 
factor in ( p6|) is given by 



Zo{m){{ks,Us,Vs},L) 



e%,hmu;(^^) - (1 

e5[{0},{l/2}](0M^))|,^ii 



10 



(1 - A;'")io 



(97) 



where G is the theta function. The B in the denominator associates with that spin structure 
where for every handle, lis = 0,hs = 1/2 . The period matrix u^^^ is given by (|92[) taken 
at zero odd Schottky parameters. The product over (k) is taken over all the multipliers of 
the Schottky group (|), which are not powers of other the ones. The ZQ(^gh){{ks,Us,Vs}, L) 
factor in ( p6D is given by 



Zo(gh){{ks,Us,Vs},L) 



exp[— vrz J2j,r hjhr^j 
detM({ap})detM({-(Tp}) L 



Y[ Zfiikg] hs, hs) 



.s=l 



nnyr 

(k) m=l 



k 



m+l\2 



Aik, {ap})A;™+i/2][i _ A(fc, {_ap})fc-+V2] 



(9^ 



where, as in (|97|) , the product over (A;) is taken over all the multipliers of the Schottky group 
(17), which are not powers of the other ones. The period matrix cu^^^ is given by (p^ ) at zero 
odd Schottky parameters. The M{{ap}) matrix is defined by (|63|) . Furthermore, 

A(A;,K})=expfir(,,(K}) (99) 

where Qr^k)iWp}) is given by (|5^) for the group products of the basic Schottky transforma- 
tions having the multiplier to be k. The ZQ{ks] hs, hs) factors in (p8|) are defined by 

(-l)2'i=+2'2.-l[l - (-1)2'2.^]2 



Zo{ks', hs, h 



3/2 



(100) 



Eg. (|100|) is slightly different from eq.(147) in |jT^ because we use in (p8| ) the M({crp}) matrix 
instead of M(0)({crp}) employed in It is useful to remind that in ( P7D and in fl^SD, the 



k multipliers are calculated at zero odd Schottky parameters. Both and T^'^'* in 



depending on the above odd parameters have the following form 

■ gh 



In Tg\{g^J, L) = trace In \l + Aghi{ap})] - Indet f/({ap}] 



+ \nsdet[U{{ap})U,\{ap})] 



(101) 
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lnTW({g^J,L) = -5trace\n [l + A„] (102) 

where and Agh are integral operators and both U{{ap}) and f/({o"p}) to be matrices, all 
they being defined below. Furthermore, Uo{{crp}) is U{{o-p}) at zero odd Schottky parame- 
ters.0 Both A^, and U{{ap}) — / are proportional to the odd Schottky parameters. So 
( |101| ) and (|102|) can be calculated to be series over odd Schottky parameters. The superde- 
terminant in ( |101| ) is defined as 

where U(^hb), U(bf), U(^fh) and are submatrices forming the above U matrix. The b index 
labels boson components and the / index labels the fermion ones. 

To present Agh in (|101|) , we define genus-1 Green functions S^l{t,t') as 



Sl]l{t,t') = QtMsr' [G'^\z,,z'M + OsG^^{zs,z:)-i',^^{z',)] Qp^(t;)3 (104) 

where tg = {zs\Os) is defined by (|^, the factor is defined by (0) and is G(a) defined 

by (|55|) for genus n = 1. Furthermore, the boson contribution G^^ in (|104|) is Gf, taken at 
genus n = 1. For an arbitrary genus-n, Gb is defined to be 

Gb{z, z') = -Y: 7 , ,.1 ,^,14 (105) 

^ [z- gr{z')\[crz' + dr\^ 

where the summation is performed over all the group product of basic Schottky group ele- 
ments d^). The last term in ( |104| ) is defined to be limit of zG^(l^-^{zs, z'^) at z oo. Owing 
to this term, S^l{t,t') decreases at 2; — oo or at 2' — 00. In ( |101|) , the Agh{{ar})} integral 
operator is formed by the {A^^^l {{ar})} set of the A^^,^{{ar}) integral operators, the kernels 
being A^^^({crr})(t, t')dt' . We define the kernel together with the differential dt' = dz'dO' /2'Ki 

to have deal with the objects obeying bose statistics. Every the A!'gl{{ar}) integral operator 
being applied to a function of t', performs integrating over t' along the Gp contour. The 
above Cp-contour gets around in the positive direction both G^^ and circles (H) together 
with the Cp cut, if this cut presents ( i.e. /ip 7^ ). The Cp cuts are defined next to eg . (|27|) . 
In the explicit form 

r dy dR 

~A^i{M)M = J G%t,t,;{a,})^6Si'\t„t') (106) 



6t 



Eq.(102) corresponds to eq.(134) of |l4]. In (102) we retrieved an factor —5 and symbol "trace" missed 



mistakenly in front of the right side of above eq.(134). In addition, in [|14[ a number of other inaccuracies 
sliced in formulas for the factors considered. In discussed eq.(134) of |14| the expression inside the square 
brackets should read 1 + A„. In (137) of Q, dsi^^ should be dropped. In (138) of Q, Y^] (f) should read 
Yj^^\t') and Cs should read ci''\ 
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where as it was explained above, Cp-contour gets around in the positive direction both circles 
(H) together with the Cp cut. The Green function G^it^ti] {aq}) is defined as 

G\t,t'-{ap}) = G,{z,z')e' + eGi^,){z,z') (107) 

where Gi,{z,z') is defined by (|105|) and G(^„){z,z') is given by (^). 

To present the expression for (iNrNsiWv)) (UHll) define 3/2-tensors '^f\^{z) by 

<k= E M^s,NXWvm%. where M;v.,^,(K}) = / 

where Y^^^^{z) is equal to Y'o-7v^(z) defined by eq. (p8|) at the genus n = 1. In this case the 
^NrNsii^p}) elements of the U{{ap}) matrix are given by 

x^l A^^\t^,t2)dt2 I 92G^^)iz2,z')dz'Yffiz') (109) 

where dt = dzd9/27ii, G(^a){z,z') is defined by (H), Yj,]\t') is defined by (HD at the genus 
n = 1 and ^S*^^^ is referred to those terms in ( |104| ), which are proportional to the odd 



Schottky parameters. Furthermore, A^^\ti,t2)dt2 present the kernels of the A^'') integral 
operators. The {A*^^^} set of these operators forms the A operator that can be given as 

A = [/ + A,,(K})]-i (110) 



where the Agh{{ap}) operator is the same as in ( p.01| ). Eqs. (|101| and (|109| correspond to eqs. 
(137) and (138) of [|14[ with IJ to be U' of 0. But in ([lO] and (^ both j'^'f^ {{qn,} , L) 



and U is given in terms of Agh instead of Agh defined in [Q. This leads to more compact, 
formulas, especially for the U{{(jp}) matrix presented below. The proof of ( |101j ) and ( |109| ) 
is achieved by an expansion in powers of A^^ of (137) and of (138) in [jl4|-In this case sum 
of integrations over t' of every particular 5S^^{t, t') along the Gr contours (r ^ p) is reduced 
to the integral along the Gp contour. As the result, eqs. (|101| and ( |109| arise. 

To present the U{{ap}) matrix in ( |101| ) we define 3/2-supertensors '^'^^''^^{z) on the genus- 



1 sup ermanif olds by 



where Ng = {ks,Us,Vs, fis,^s) and the t ^ t\ transformation is defined in (|Tl|) . For A^^ = 
{ks,Us,Vs), the yS^I (t) polynomials in ( [111| ) are equal to PR^{zs)Q^'^{ts) where Pr^ are de- 
fined by (^4]). For Ns = (yU^, z/^), the above Y'o-7Vs(^) polynomials are equal to l^,iv^(ts)(5f ^(^s); 
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ya,Nr(t) being defined by (|58| ) at the genus n = 1. And Qf.^(ts) is defined for ts transforma- 
tion by (13). Furthermore, we define '^fj]\[^{t) to be an extension of ^[r°]v i^) nonzero 
odd moduh as follows 

^^.Mt) = J Ov.(t')^5.(i',i) (112) 



Cs 



where the Green function So-(t,t') is given by 



Ch 



Y: J ^%Mdt^ J ssi]l{h,u)duG{u,t'-M)-¥X{t') 



Ct) 



Co 



(113) 



where '^^^\^{t') is given by 



UpsNr is given by (|1(J9|) and ^(^4, t'; {cTp}) is defined as 



G{t,t'-{a,})=Y. j A(^)(t,ti)rftiG'°(ti,t';K}) 



(114) 



In this case the desired Un^nXWv}) '^^^ ^e given as 



UnsnAWp)) 



dOdz 



Cvr 



dddz 



^<.,iv.(t)=Piv.(t)+ / *.,iv.(t)=4^(t) 



2m 



(115) 



where both PNr{t) and P^^it) are defined by ( p4|) and ( p6|) and '^cr,Ns{t) is given by (|112|) . 
It is useful to note that both Sa-{t,' t) and "if^^N^it) of this paper are the same as in |T^. The 
proof of (|112D is quite similar to that of eq.(54) in Ijl^. Eq.( p.l3| ) is the explicit form of the 
solution of eq.(84) of [|T^ given in terms of the (j°(t, t'; {cTp}) Green function ( |107| ). Eqs. 
(M, ( |109|) and (|lT|) give the desired T^^^ {{qN,} , L) factor in (|9|). 

The T!^^{{qN^}, L) in(^B|) is determined by ( |102| ) in terms of the integral operator. 
To present the above operator we consider the holomorphic Green functions i?i(t,t') of the 
scalar superfields and the kindred Green functions KL{t,t') defined to be 



(116) 



where D{t) is the spinor derivative (|T^). The periods of Riit, t') are Js(t; L) and the periods 
of Js(t; L) form the 27iiuj{{qN}, L) matrix, a;({gAr}, L) being the period matrix in (|51|). It 
can be shown [14| that Kilt, t') obeys the integral equation with the kernel to be none other 
that the kernel of the desired integral operator in 



To give in the explicit form the kernel of A^, one can note that for zero odd modular 
parameters, Riit^t') is reduced to R{Q){t^t'; L) as 



i?(o)(t, t'- L) = Rt{z, z') - ee'Rfiz, z'- L) 



;ii7) 
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where Rb{z,z') is the boson Green function and Rf{z, z'; L) is the fermion Green one. The 
Rh{z,z') Green function is given by ||2^ 



Rb{z,z') = Xll'^ 



[z - gr{z')][-crz^°^ + ar] 
[-crz + ar][z(o)-gr{z(^))]^ 



118) 



z^°^ and z^^^ being arbitrary constants. The fermion Green function Rf{z, z'\ L) in ( |117| ) can 
be given as 



Rf{z, z'; L) = exp <{ - [Rb{z, z) + Rb{z , z')] - Rb{z, z'] 



e[/i,/2](0|a;W) 



(119) 



where Green function Rb{z, z) for z' = z is defined to be the hmit of Rb{z, z') — \n.{z — z') at 
z z' . Furthermore, B is the theta function and the symbol J denotes the set of functions 
(J(o)s(-2) — J(o)s(-2'))/27i"^5 -^(o)s(^) being periods of Rb{z, z'). We define also for arbitrary odd 
moduli the genus-1 Green functions R^^\t,t') as 



R^^\t, t') = Q + £;^;H,(oo, ^;) - oo) for s = l, 2, ...n 



(120) 



where both tg 

zero odd moduli. Furthermore, Ss(z, z') is 

^s{z, z') = (2; — z'')I^fj-^J^Z^ z'\ lis, hs) 



z'J\e's) and e's are defined by (|) and i?[Jj,(t,t') is R'i\t,t') at 



(121) 



Two the last terms in ( |121|) provide decreasing K^^\t,t') at z oo or ^ oo where 
KP{t, t') is defined by eq. ([Tl6|) for R = Being twisted under (A„ 5,)-circles, R^it, t') 
is changed by {Ta,s, rf,,s)-mappings (D. To calculate R\^.{t,t') in (|l20l) for even genus-1 spin 



structures we use (|118|) and( |119| ) at n = 1. The genus-1 spin structure being odd, we defined 

9,{e[l/2,l/2](J(i)|c.W)} 



e[l/2,l/2](J(i)|..(^)) \ d-Jll{z 



(122) 



where 9 is the genus-1 theta function. Furthermore, J(i) = (^(0)^(2) — -^[o)'s(-2'))/27ri and 



r(i) 



J^Q)*^ is the period of R''(j^^^{z,z' 



,(1) 



the period of J^Q-j*^ being 21x100^. In this case, for every s, 
the Green function K^it^t') = D(t')RP (t,t') is changed under Tb^s transformation as 

K^Mit')) = [KPit,t') + ^sit)Ut')] Qr.Jt') 

Ki'\i{t),t') = K^itX) + 2ni4\t') - Vs{t)fs{t') (123) 

where fs(t') = D(t')ips(t'). The above fsit') disappears, if {lu, /2s)-characteristics correspond 
to an even genus-1 spin structure. In this case the desired integral equation for KL{t,t') has 
the following form 



KL{t,t') = K^o){t,t';L)-J2 J K^o){t,ti; L)dti6Kl^\ti,t2)dt2KL{t2,t') - J K(o)(t, ti; L) 
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x5Mtl)dtl I fr{t2)dt2K{t2,t') + j K(j,){tM]L)^{0)r{tl)dti j 5fr{t2)dt2K{t2,t') (124) 

Cvr ^"-r '-'^ 

where dt = d6dz/2TTi, etc. Furthermore, i^(o)(t, ti; L) denotes KL{t,ti) taken at all the odd 
Schottky parameters to be zero. And </?(o)r(^i) is equal to ipr{ti) at /i,. = z/^ = 0. Each of 
SK^^\ Sifr and 5fr is defined to be the difference between the corresponding value and that 
calculated for zero values of odd Schottky parameters (firjUr)- As example, 5K^^\ti,t2) = 
Kl^Kh,t2) - K[ll{ti,t2) where irg}^(ti,t2) is the K^^\ti,t2) function taken at /x, = z/, = 0. 
The Cr contours are defined as in ( [106| ). On the Zs complex plane (|^ the C^^ contour is 
none other than the C^^ circle @j. Only the odd genus-1 spin structures contribute in two 
last terms on the right side of ( |124| ). The term ii"(o)(t,t'; L) = D(t')i?(o)(t, t'; L) outside the 



integral on the right side of (|124|) is calculated in the terms of both Rb{z, z') and Rf{z^ z'\ L), 
as it has been explained above. Since the kernel of ( |124D is proportional to odd parameters, 
solution of ( |124]) can be obtained by the iteration procedure, every posterior iteration being, 
at least, one more power in odd parameters than a previous one. Therefore, K^lt, t') appears 
to be a series containing a finite number of terms. After KL{t,t') being determined, the 
Riitjt') Green function is calculated without essential difficulties. 

The kernel of integral operator in ( |102| ) is just the kernel of ( |124| ). The right side 
of (|102D is calculated by an expansion in powers of A^- Eq. (|102| is more convenient for 
the calculation than eq.(134) of [|l^] where '^m\{QNs}^ L) is given in terms of A^ defined by 
(135) in [|l^. To prove identity of (|102|) with (134) of [|l^] one can verify that 



trace In 



1 + Am — trace In [1 + A^ 



0. 



(125) 



The proof of ( |125|) is achieved by an expansion in powers of both A^ and A^, eqs. (50) and 
(51) of being used. It is also employed that sum of integrations over ti of every particular 
5K^^\t^ti) along the Cr contours (r ^ s) is reduced to the integral along C^-contour. 
The Jp periods of Riit^t') in (|127|) are calculated as [0 



J,{t-L)= / K{t,t')J^^\t') 



Cn 



dO'dz' 
2m 



(126) 



where J^^\t') is the period of the genus- 1 Green function Ri^\t,t'). In (|123) and (|12|) the 
integration contour Cr is defined as in ( p.06| ). The Urp matrix elements of the period matrix 



^{{Qn},L) in the measure (|51| ) can be calculated as [|14 



2muj. 



rp 



kr^rp I 



D{t)Jp{t-L)4'\t) 



dOdz 

27Ti 



(127) 



where kr is the Schottky multiplier. The right side of (|127|) can be proved to be symmetrical 
in respect to interchanging r and p. 

For all the 1^ theta characteristics to be zero ( that is the Neveu-Schwarz sector ) eq. (l9^) 
is reduced to (||) and (pi) is reduced to (p2|). 
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(a) 



(b) 



(c) 



Figure 1: The going of circle round the Cu^ one: the initial position (a), the final position 
(b), the cuts are reduced to be closed together (c). 



Figure in G.S. Danilov's paper "Unimodular transformations of the 
supermanifolds and the calculation of the multi-loop amplitudes in the 

superstring theory" 
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